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MICROLOCAL BRANES ARE CONSTRUCTIBLE SHEAVES
DAVID NADLER
Dedicated to Paul S. Nadler
Abstract. Let X be a compact real analytic manifold, and let T ∗X be its cotangent
bundle. In a recent paper with E. Zaslow [28], we showed that the dg category Shc(X)
of constructible sheaves on X quasi-embeds into the triangulated envelope F (T ∗X)
of the Fukaya category of T ∗X. We prove here that the quasi-embedding is in fact
a quasi-equivalence. When X is a complex manifold, one may interpret this as a
topological analogue of the identification of Lagrangian branes in T ∗X and regular
holonomic DX -modules developed by Kapustin [15] and Kapustin-Witten [16] from
a physical perspective.
As a concrete application, we show that compact connected exact Lagrangians in
T
∗
X (with some modest homological assumptions) are equivalent in the Fukaya cat-
egory to the zero section. In particular, this determines their (complex) cohomology
ring and homology class in T ∗X, and provides a homological bound on their number
of intersection points. An independent characterization of compact branes in T ∗X
has recently been obtained by Fukaya-Seidel-Smith [9].
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1. Introduction
1.1. Summary. Let X be a compact real analytic manifold, and let T ∗X be its cotan-
gent bundle. Let Shc(X) be the differential graded (dg) category of constructible com-
plexes of sheaves on X. Objects of Shc(X) are complexes of sheaves of C-vector spaces
on X with bounded constructible cohomology; morphisms are obtained from the naive
morphism complexes by inverting quasi-isomorphisms. The (ungraded) cohomology
category of Shc(X) is the usual bounded derived category Dc(X) of cohomologically
constructible complexes on X. (See Section 2 below for more details.)
In a joint paper with Eric Zaslow [28] (reviewed in Section 3 below), we developed a
Fukaya A∞-category of exact Lagrangian branes in T
∗X. Objects are (not necessarily
compact) exact Lagrangian submanifolds of T ∗X equipped with brane structures and
perturbations; morphisms are given by transverse intersections, and composition maps
by counts of pseudoholomorphic polygons. A key assumption on the objects is that
they have reasonable compactifications so that we can make sense of “intersections at
infinity”. Perturbations are organized so that morphisms always propagate a small
amount “forward in time”. The construction is a close relative of the category of
vanishing cycles proposed by Kontsevich [22] and Hori-Iqbal-Vafa [13], and developed
by Seidel [30], [31], [33].
This version of the Fukaya category of the cotangent bundle encodes the geometry of
infinitesimal paths in the base. Many other theories (such as cyclic homology [24], and
the chiral de Rham complex [14]) also relate small loops in the base to the de Rham
complex (and hence D-modules), while other versions of Floer theory on the cotangent
bundle are closely related to the full path space of the base (for example, in the work
of Viterbo [37]).
Now let us pass to a stable setting and consider the dg category of right modules
over the above Fukaya category. We write F (T ∗X) for the full subcategory of twisted
complexes of representable modules, and refer to it as the triangulated envelope of the
Fukaya category. We write DF (T ∗X) for the cohomology category of F (T ∗X), and
refer to it as the derived Fukaya category.
The main result of [28] was the construction of an A∞-quasi-embedding
µX : Shc(X)


// F (T ∗X)
which we will refer to as microlocalization. This is an A∞-functor such that when we
pass to cohomology, we obtain a fully faithful embedding of triangulated categories
H(µX) : Dc(X)


// DF (T ∗X).
Our aim in this paper is to show that µX is in fact a quasi-equivalence. This is the
assertion that the embedding H(µX) of triangulated categories is an equivalence. In
other words, we must see that it is essentially surjective, or in plain words that
every object of DF (T ∗X) is isomorphic to an object coming from Dc(X).
MICROLOCAL BRANES ARE CONSTRUCTIBLE SHEAVES 3
This can be viewed as a categorification of the fact [17, Theorem 9.7.10] that the
characteristic cycle homomorphism is an isomorphism from constructible functions to
conical Lagrangian cycles. To simplify the statement, let us assume for the moment that
X is oriented. Then as a consequence of our main result, one can deduce a commutative
diagram relating the microlocalization µX to the characteristic cycle homomorphism
K0(Dc(X))
K0(H(µX ))
//
χ ≀

K0(DF (T
∗X))
ξ

Fc(X)
CC
// Lcon(T
∗X)
Here K0 denotes the underlying Grothendieck group, Fc(X) the group of constructible
functions on X, and Lcon(T
∗X) the group of conical Lagrangian cycles. The homomor-
phism χ is the local Euler-Poincare´ index, and the homomorphism ξ simply dilates a
Lagrangian brane down to a conical cycle. The reader could consult [17] for a compre-
hensive treatment of the characteristic cycle homomorphism CC, local Euler-Poincare´
index χ and related topics. The fact that the diagram is commutative follows from the
compatibility of the definition of µX with the functoriality formula [29, Theorem 4.2]
(see also the results of [10] in the complex algebraic setting).
1.2. Sketch of arguments. To establish our main assertion, we use the following
variation of a standard argument. Consider the toy problem of showing a set of vectors
{vα} span a finite dimensional vector space V . We can reformulate this in terms of the
identity map idV : V → V . Namely, we can ask if idV can be written in the form
idV =
∑
α
λα ⊗ vα
where {λα} are some set of functionals. If so, then by applying idV to any v ∈ V , we
see that v is in the span of the set {vα}. We may interpret this argument as expressing
the identity map idV as a sum of projections λα ⊗ vα onto the span of our collection.
More generally, if V is not necessarily finite dimensional, it still suffices to show that
for any finite dimensional subspace V ′ ⊂ V , the restriction of the identity idV |V ′ can
be expressed in the above form.
The same proof can be implemented in the less elementary setting of a triangulated
A∞-category C. Suppose we want to show that a collection of objects {cα} classically
generates all of C. In other words, we want to see that any object c can be realized
as a finite sequence of iterated cones beginning with maps among the objects {cα}.
Consider the identity functor idC in the triangulated A∞-category of A∞-functors from
C to C. Then it suffices to show that idC itself can be realized as a finite sequence of
iterated cones of functors of the form fα ⊗ cα, where fα is a bounded object of the
dg category of left A∞-modules. In some situations such as the one we will consider
below, the above is stronger than what can actually be shown. But it still suffices to
verify the weaker assertion that for any full subcategory C′ of C generated by finitely
many objects, the restriction idC |C′ is in the full subcategory generated by functors of
the form fα ⊗ cα.
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As an example, consider the problem of representing coherent sheaves on projective
space Pn by complexes of vector bundles. In [2], Beilinson introduced a resolution of
the structure sheaf O∆Pn of the diagonal ∆Pn ⊂ P
n×Pn by external products of vector
bundles. For any coherent sheaf on Pn, convolution with this resolution produces the
desired complex of vector bundles.
We will apply the above strategy in the context of F (T ∗X) to see that every object
comes from Shc(X) via the microlocalization functor µX .
To put this plan in action, we must have a way to get our hands on functors between
categories of branes, in particular the identity functor. For this, we take advantage of
the symmetry of cotangent bundles and introduce a duality equivalence
αX : F (T
∗X)◦ → F (T ∗X).
By definition, it acts on the underlying Lagrangians of our branes by the antipodal
anti-symplectomorphism
a : T ∗X → T ∗X a(x, ξ) = (a,−ξ).
As a consequence of our main result, we will see that the brane duality αX corresponds
to Verdier duality DX under the microlocalization µX .
Now given compact real analytic manifolds X0,X1, we will construct functors
F (T ∗X0)→ F (T
∗X1)
by thinking of branes in the product T ∗X0×T
∗X1 as integral kernels. Consider the dg
category modr(F (T
∗X1)) of right A∞-modules and the corresponding Yoneda embed-
ding
Yr : F (T
∗X1)→ modr(F (T
∗X1))
Yr(P1) : P
′
1 7→ homF (T ∗X1)(P
′
1, P1).
For each object L of F (T ∗X0 × T
∗X1), we define an A∞-functor by considering the
mapping functional
Ψ˜L∗ : F (T
∗X0)→ modr(F (T
∗X1))
Ψ˜L∗(P0) : P1 7→ homF (T ∗X0×T ∗X1)(L,P0 × αX1(P1)).
Note that Ψ˜L∗ is functorial in L in the contravariant sense. As a consequence of our
main result, we will see that there is a functor
ΨL∗ : F (T
∗X0)→ F (T
∗X1)
that represents Ψ˜L∗ in the sense that we have a quasi-isomorphism of functors
Ψ˜L∗ ≃ Yr ◦ΨL∗ : F (T
∗X0)→ modr(F (T
∗X1)).
Two special cases of the above construction merit special mention. First, for the
microlocalization L∆ = µX(C∆X ) of the constant sheaf C∆X along the diagonal ∆X ⊂
X ×X, we check directly that the functor Ψ˜L∆∗ is represented by the identity functor
idF (T ∗X) in the sense that there is a quasi-isomorphism of functors
Ψ˜L∆∗ ≃ Yr : F (T
∗X)→ modr(F (T
∗X)).
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Second, for an external product L0 × L1, we check directly that the functor Ψ˜L0×L1
plays the expected role of a projection in the sense that there is a quasi-isomorphism
of functors
Ψ˜L0×L1∗ ≃ Yℓ(L0)⊗ Yr(αX1(L1)) : F (T
∗X0)→ modr(F (T
∗X1)).
Here Yℓ denotes the Yoneda embedding
Yℓ : F (T
∗X0)→ modℓ(F (T
∗X0))
Yℓ(P0) : P
′
0 7→ homF (T ∗X0)(P0, P
′
0)
for left A∞-modules over F (T
∗X0). Note that the above formula says that Ψ˜L0×L1∗
is in fact a projection onto the span of the dual brane αX1(L1). Although one might
prefer simpler formulas, our conventions are set up to agree with the pushforward of
sheaves.
An alternative, more geometric framework for constructing functors between cate-
gories of branes is provided by the beautiful formalism of world-sheet foam introduced
by Khovanov-Rozansky from a physical viewpoint [25], or that of quilted Riemann sur-
faces developed by Wehrheim-Woodward in a mathematical context [39]. The latter
was an original inspiration for the strategy of proof undertaken here. To keep this
paper as self-contained as possible, we have opted for the above homological approach,
though we have included a brief discussion explaining its compatibility with that of [39].
Now to see that F (T ∗X) is classically generated by objects coming from Shc(X),
we would like to realize the identity functor idF (T ∗X) as an iterated cone of external
products fα⊗µX(Fα), for some objects Fα of Shc(X), and some bounded objects fα of
modℓ(F (T
∗X0)). It is not difficult to see that this strong an assertion can not be true.
Instead, we fix a conical Lagrangian Λ ⊂ T ∗X and consider the full A∞-subcategory
F (T ∗X)Λ ⊂ F (T
∗X)
consisting of branes whose boundaries at infinity lie in the boundary of Λ. By [28],
every finite collection of objects of F (T ∗X) lies in such a subcategory F (T ∗X)Λ for
some Λ. Thus to arrive at our desired conclusion, it suffices to realize the identity
functor of F (T ∗X)Λ as an iterated cone of external products fα ⊗ µX(Fα).
Translating this into the above setting of branes in the product T ∗X×T ∗X, we seek to
express the restriction of the functor Ψ˜L∆∗ to the subcategory F (T
∗X)Λ as an iterated
cone of the restrictions of functors of the form Ψ˜Lα×αX (µX(Fα)). By the functoriality of
our constructions, this would follow immediately if the brane L∆X could be realized as
an iterated cone of branes of the form Lα × αX(µX(Fα)). Of course, this is not true
(for example, it would imply the identity functor idF (T ∗X) in fact could be written in
terms of external products), but we can achieve the following: there is a collection of
[0, 1]-families of objects L∆Xα ,t of F (T
∗X × T ∗X) satisfying the following properties:
(1) L∆X can be realized as an iterated cone of the branes L∆Xα ,0.
(2) L∆Xα ,1 is an external product of the form Lα × αX(µX(Fα)).
(3) For all t ∈ [0, 1], the functors
Ψ˜L∆Xα,t∗
|F (T ∗X)Λ : F (T
∗X)Λ → modr(F (T
∗X))
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are quasi-isomorphic.
The key point in explaining the third property is that the families L∆Xα ,t are non-
characteristic with respect to the conical Lagrangian Λ ⊂ T ∗X of the first factor.
Roughly speaking, for a given conical Lagrangian Λ′ ⊂ T ∗X, we can arrange (after
appropriate perturbations) so that the boundaries at infinity of the families f∆Xα, t do
not intersect the boundary of Λ× Λ′.
With the preceding in hand, by applying the identity functor to any object of
F (T ∗X)Λ, we immediately conclude that it is quasi-isomorphic to an object coming
from Shc(X).
Independently of the above arguments, one can construct an explicit A∞-functor
πX : F (T
∗X)→ Shc(X)
which is a quasi-inverse to µX (see Section 4.6 for details). To define πX , for each open
subset U →֒ X, consider the corresponding costandard brane LU ! (see Section 3.6).
The underlying Lagrangian of LU ! can be taken to be the graph Γ−d logm for any non-
negative function m : X → R that vanishes precisely on the complement X \ U .
Given an object L of F (T ∗X), the assignment
U 7→ homF (T ∗X)(LU ! ⊗ orX [− dimX], L)
defines a contravariant A∞-functor from the category of open sets of X to the dg
category of chain complexes. Without much difficulty, it is possible to reinterpret this
as a constructible complex of sheaves on X which we take to be πX(L). It follows
quickly from the definitions that we have a canonical quasi-isomorphism of functors
πX ◦ µX ≃ idShc(X)
confirming that πX and µX are quasi-inverses. The construction of πX is very similar
to some results of [18, 19] though presented in the language of constructible sheaves
rather than Fa´ry functors.
Finally, it is simple to understand basic properties of the functors πX and µX such
as their constructibility. First, fix a stratification S = {Sα} of X, and consider the full
subcategory
ShS(X) ⊂ Shc(X)
of complexes constructible with respect to S. Then by construction, we have
µX : ShS(X)→ F (T
∗X)ΛS
where ΛS = ∪αT
∗
Sα
X. Conversely, given a conical Lagrangian Λ ⊂ T ∗X, as part of the
construction of πX , we verify that we have
πX : F (T
∗X)Λ → ShS(X)
for any stratification S such that Λ ⊂ ΛS . It is also simple to see that the functors
πX and µX interchange the brane duality αX with Verdier duality DX and are also
compatible with the basic operations on sheaves and branes.
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1.3. Applications. We will postpone most applications to future papers and restrict
ourselves here to one immediate application to symplectic topology.
The question of the possible structure of compact Lagrangian submanifolds of T ∗X
has seen some progress in recent years. For a recent example of the subject, we refer
the reader to the paper of Seidel [32]. It contains a brief summary of other relevant
works of Lalonde-Sikarov [26], Viterbo [38], and Buhovsky [4], and is the paper in the
subject which is closest to this one in methods. Namely, the main point is that we
may reinterpret properties of objects of the Fukaya category of T ∗X in terms of the
structure of their underlying Lagrangian submanifolds.
Consider a compact connected Lagrangian submanifold L ⊂ T ∗X. To ensure that we
may lift L to an object of the Fukaya category of T ∗X, we assume first that L is exact
and has trivial Maslov class. For simplicity in the following statement, we will also
assume π1(X) is trivial. Thus in particular, the second Stiefel-Whitney class w2(T
∗X),
which is the square of the pullback of w1(X), must vanish so T
∗X is spin. This also
implies that L is orientable since the difference between w1(L) and the restriction of the
pullback of w1(X) is the Z/2Z-reduction of the Maslov class. Further, we will assume
that w2(L) is the restriction of the pullback of w2(X), so that L is relatively spin with
respect to the background class given by the pullback of w2(X).
The following application of the equivalence of F (T ∗X) and Shc(X) generalizes part
of the main statement of [32] from the case when X is a sphere. During the preparation
of this paper, we learned that a similar characterization of compact exact branes has
recently been obtained by Fukaya-Seidel-Smith [9, 35] by a variety of different methods.
Theorem 1.3.1. Assume X and L are as above. Then L is equivalent in the Fukaya
category of T ∗X to (a shift of) the zero section. From this, we conclude:
(1) [L] = ±[X] ∈ HdimX(T
∗X,C).
(2) H∗(L,C) ≃ H∗(X,C).
(3) If L′ ⊂ T ∗X is another Lagrangian submanifold satisfying the same conditions,
then we have a lower bound on the (possibly infinite) number of intersection
points
#(L ∩ L′) ≥
∑
k
dimHk(L,C).
Proof. By assumption, we may equip L with a brane structure so that it becomes an
object of F (T ∗X). Applying πX to this brane produces an object F of Shc(X). Since
L is compact, F is constructible with respect to the trivial stratification of X. In
other words, the cohomology sheaves of F are local systems. By assumption, X is
simply-connected, so these local systems are all trivial.
Applying πX to standard calculations in F (T
∗X), we see that
Ext∗Shc(X)(F ,F) ≃ H
∗(L).
In particular, Hm(L) = 0, for m > dimX, implies ExtmShc(X)(F ,F) = 0, for m >
dimX. By writing F as a successive extension of (shifts of) the constant sheaf CX ,
we see that this bound forces F to reduce to (a shift of) C⊕kX for some k > 0. But
then since L is connected, H0(L) ≃ C, and so F is isomorphic to (a shift of) CX itself.
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Thus applying µX , we conclude that L is equivalent to (a shift of) the zero section in
F (T ∗X). This implies assertions (2) and (3) immediately.
For assertion (1), by applying µX to the skyscraper sheaf C{x}, we can consider
the conormal to a point T ∗{x}X as an object of F (T
∗X). Since ExtShc(X)(CX ,C{x}) is
isomorphic to C concentrated in degree zero, (after a possible shift) the cohomology of
homF (T ∗X)(L, T
∗
{x}X) is as well. In particular, the Euler characteristic of the complex
of intersection points is equal to ±1. This implies assertion (1). 
1.4. Acknowledgements. It is a pleasure to thank Eric Zaslow for many enlightening
discussions, and Paul Seidel for detailed remarks on the arguments. I would also like to
thank Sasha Beilinson and Yong-Geun Oh for comments on the exposition, and Kevin
Costello, Ezra Getzler, and Katrin Wehrheim for very useful discussions.
2. Constructible sheaves
In this section, we first review background material on the constructible derived
category, then recall a differential graded model of it. Finally, we explain how one can
construct constructible sheaves out of certain A∞-functors.
2.1. Derived category. In this section, we briefly recall the construction of the con-
structible derived category of a real analytic manifold. For a comprehensive treatment
of this topic, the reader could consult the book of Kashiwara-Schapira [17].
Let X be a topological space. Let Top(X) be the category whose objects are open
sets U →֒ X, and morphisms are inclusions U0 →֒ U1 of open sets:
homTop(X)(U0, U1) =
{
pt when U0 →֒ U1,
∅ when U0 6 →֒ U1.
Let Vect be the abelian category of complex vector spaces.
The derived category of sheaves of complex vector spaces onX is traditionally defined
via the following sequence of constructions:
1. Presheaves. Presheaves on X are functors F : Top(X)◦ → Vect where Top(X)◦
denotes the opposite category. Given an open set U →֒ X, one writes F(U) for the
sections of F over U , and given an inclusion U0 →֒ U1 of open sets, one writes ρ
U1
U0
:
F(U1)→ F(U0) for the corresponding restriction map.
2. Sheaves. Sheaves on X are presheaves F : Top(X)◦ → Vect which are locally
determined in the following sense. For any open set U →֒ X, and covering U = {Ui} of
U by open subsets Ui →֒ U , there is a complex of vector spaces
0 // F(U)
δ
//
∏
iF(Ui)
δ0
//
∏
i,j F(Ui ∩ Uj),
where δ =
∏
i ρ
U
Ui
and δ0 =
∏
i,j
(
ρUiUi∩Uj − ρ
Uj
Ui∩Uj
)
. A sheaf is a presheaf for which
ker(δ) = ker(δ0)/ im(δ) = 0 for all open sets and coverings of open sets.
Sheaves on X form an abelian category and thus one can continue with the following
sequence of general homological constructions:
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3. Complexes. Let C(X) be the abelian category of complexes of sheaves on X with
morphisms the degree zero chain maps. Given a complex of sheaves F , one writes H(F)
for the (graded) cohomology sheaf of F .
4. Homotopy category. Let K(X) be the homotopy category of sheaves on X with
objects complexes of sheaves and morphisms homotopy classes of maps. This is a
triangulated category whose distinguished triangles are isomorphic to the standard
mapping cones.
5. Derived category. The derived category D(X) of sheaves on X is defined to be the
localization of K(X) with respect to homotopy classes of quasi-isomorphisms (maps
inducing isomorphisms on cohomology). Acyclic objects form a null system in K(X),
and thus D(X) inherits the structure of triangulated category.
With the derived category D(X) in hand, one can define many variants by imposing
topological and homological conditions on objects.
6. Bounded derived category. The bounded derived category D♭(X) is defined to be
the full subcategory of D(X) of bounded complexes.
Two standard equivalent descriptions are worth keeping in mind: first, there is the
more flexible description of D♭(X) as the full subcategory of D(X) of complexes with
bounded cohomology; second, there is the computationally useful description of D♭(X)
as the homotopy category of complexes of injective sheaves with bounded cohomology.
7. Constructibility. Assume X is a real analytic manifold. Fix an analytic-geometric
category C in the sense of [36]. For example, one could take C(X) to be the subanalytic
subsets of X as described in [3].
Let S = {Sα} be a Whitney stratification of X by C-submanifolds iα : Sα →֒ X.
An object F of D(X) is said to be S-constructible if the restrictions i∗αH(F) of its
cohomology sheaf to the strata of S are finite-rank and locally constant.
The S-constructible derived category DS(X) is the full subcategory of D(X) of S-
constructible objects. The constructible derived category Dc(X) is the full subcategory
of D(X) of objects which are S-constructible for some Whitney stratification S.
Note that if the stratification S is finite (for example, ifX is compact), then the finite-
rank condition implies that all S-constructible objects have bounded cohomology. In
other words, within D(X), every object of DS(X) is isomorphic to an object of D
♭(X).
2.2. Differential graded category. The derived category D(X) is naturally the co-
homology category of a differential graded (dg) category Sh(X). To define it, we will
return to the sequence of homological constructions listed above and perform some mod-
est changes. Two principles guide such definitions: (1) structures (such as morphisms
and higher exts) should be defined at the level of complexes not their cohomologies; and
(2) properties (such as constructibility) should be imposed at the level of cohomologies
rather than complexes. The first principle ensures we will not lose important infor-
mation, while the second ensures we will have sufficient flexibility. As an example of
the latter, we prefer the realization of the bounded derived category D♭(X) as the full
subcategory of D(X) of complexes with bounded cohomologies rather than of strictly
bounded complexes.
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The reader could consult [20, 6, 21] for background on dg categories, in particular,
a discussion of the construction of dg quotients.
Recall that sheaves on X form an abelian category. The following sequence of ho-
mological constructions can be performed on any abelian category:
1. Dg category of complexes. Let Cdg(X) be the dg category with objects complexes of
sheaves and morphisms the usual complexes of maps between complexes. In particular,
the degree zero cycles in such a morphism complex are the usual degree zero chain
maps which are the morphisms of the ordinary category C(X).
2. Dg derived category. The dg derived category Sh(X) is defined to be the dg quotient
of Cdg(X) by the full subcategory of acyclic objects. This is a triangulated dg cate-
gory whose cohomology category H(Sh(X)) is canonically equivalent (as a triangulated
category) to the usual derived category D(X).
One can cut out full triangulated dg subcategories of Sh(X) by specifying full tri-
angulated subcategories of its cohomology category H(Sh(X)) ≃ D(X).
3. Bounded dg derived category. The bounded dg derived category Sh♭(X) is defined
to be the full dg subcategory of Sh(X) of objects projecting to D♭(X).
4. Constructibility. Assume X is a real analytic manifold, and fix an analytic-geometric
category C. The constructible dg derived category Shc(X) is the full dg subcategory
of Sh(X) of objects projecting to Dc(X). For a Whitney stratification S of X, the
S-constructible dg derived category ShS(X) is the full dg subcategory of Sh(X) of
objects projecting to DS(X).
The formalism of Grothendieck’s six (derived) operations f∗, f∗, f!, f
!,Hom,⊗ can
be lifted to the constructible dg derived category Shc(X) (see for example [6] for a
general discussion of deriving functors in the dg setting). In our case, one concrete
approach is to recognize that the natural map Cdg,c(Inj(X)) → Shc(X) from the dg
category Cdg,c(Inj(X)) of complexes of injective sheaves with constructible cohomology
is a quasi-equivalence. With this in hand, one can define derived functors by evaluating
their naive versions on Cdg,c(Inj(X)). Since we will only consider derived functors, we
will denote them by the above unadorned symbols.
Throughout the remainder of this paper, we assume that X is a real analytic mani-
fold, and we fix an analytic-geometric category C. All subsets will be C-subsets unless
otherwise stated.
2.3. Standard bases. We recall here several standard bases for the T -constructible dg
derived category ShT (X) for a triangulation T = {τa} of X by simplices ja : τa →֒ X.
(They are also well-known as basic examples in the theory of exceptional collections.)
Define C∗(T ) to be the full dg category of ShT (X) of standard objects ja∗Cτa . The
morphisms between standard objects are quasi-isomorphic to complexes concentrated
in degree zero
homShT (X)(jb∗Cτb , ja∗Cτa ) ≃
{
C when τa ⊂ τb,
0 when τa 6⊂ τb.
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The composition maps are given by the linearization of the obvious poset relations.
Lemma 2.3.1. ShT (X) is the triangulated envelope of C∗(T ).
Proof. Let i≥k : T≥k →֒ X denote the union of the simplices of T of dimension greater
than or equal to k, and let j<k : T<k →֒ X denote the union of the simplices of T of
dimension less than k.
Let ShT≥k∗(X) denote the full dg subcategory of ShT (X) of objects of the form
F ≃ i≥k∗F≥k. By the standard triangle
j<k!j
!
<kF → F → i≥k∗i
∗
≥kF
[1]
→,
this is equivalent to j!<kF ≃ 0. Let us show by induction that ShT≥k∗(X) is generated
by the standard objects ja∗Cτa associated to simplices τa with dim τa ≥ k. In particular,
the assertion of the lemma is the case k = 0.
For k = dimX, ShT≥k∗(X) consists of complexes of standard objects on the top-
dimensional simplices and nothing else.
Suppose we know the assertion for all ℓ > k. For any object F of ShT≥k∗(X), we
have a distinguished triangle
j<k+1∗j
!
<k+1F → F → i≥k+1∗i
∗
≥k+1F
[1]
→ .
By induction, we can express the object i≥k+1∗i
∗
≥k+1F in terms of the standard objects
associated to the simplices of T≥k+1. Applying j
!
<k to the above triangle, we obtain
j!<kj<k+1∗j
!
<k+1F ≃ 0,
and so we can express the object j<k+1∗j
!
<k+1F in terms of the standard objects asso-
ciated to the simplices of dimension k. 
We can obtain a costandard basis by applying Verdier duality to the standard basis
as follows.
Define C!(T ) to be the full dg category of ShT (X) of costandard objects ja!ωτa ≃
D(ja∗Cτa ). Here ωτα ≃ D(Cτα) denotes the Verdier dualizing complex of τα; it is
canonically isomorphic to the shifted orientation sheaf or τα [dim τα], and so, given a
choice of orientation of τα, isomorphic to the shifted constant sheaf Cτα [dim τα]. The
morphisms between costandard objects are quasi-isomorphic to complexes concentrated
in degree zero
homShT (X)(ja!ωτa , jb!ωτb ) ≃
{
C when τa ⊂ τb,
0 when τa 6⊂ τb.
The composition maps are given by the linearization of the obvious poset relations.
Since Verdier duality is an anti-equivalence, Lemma 2.3.1 implies the following.
Lemma 2.3.2. ShT (X) is the triangulated envelope of C!(T ).
Here is an alternative basis of standard objects associated to open sets. For each
simplex τa of T , let ia : sta →֒ X be its star
sta =
⊔
τa⊂τb
τb.
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Note that sta is an open contractible submanifold of X, and we have τa ⊂ τb if and
only if stb ⊂ sta.
Define Cst∗(T ) to be the full dg category of ShT (X) of standard objects ia∗Csta . The
morphisms between standard objects are quasi-isomorphic to complexes concentrated
in degree zero
homShT (X)(ia∗Csta , ib∗Cstb ) ≃
{
C when τa ⊂ τb,
0 when τa 6⊂ τb.
The composition maps are given by the linearization of the obvious poset relations.
Lemma 2.3.3. ShT (X) is the triangulated envelope of Cst∗(T ).
Proof. We continue with the notation of the proof of Lemma 2.3.1.
Let us show by induction that ShT≥k∗(X) is generated by the standard objects
ia∗Csta associated to the stars of simplices with dim τa ≥ k. Recall that the proof
of Lemma 2.3.1 shows that ShT≥k∗(X) is generated by the standard objects ja∗Cτa
associated to simplices with dim τa ≥ k.
For k = dimX, if dim τa = dimX, then sta = τa and so ja∗Cτa = ia∗Csta .
Suppose we know the assertion for all k > dim τa. Let i
′
a : st
′
a →֒ X be the punctured
star st′a = sta \ τa, and consider the distinguished triangle
ja∗ντa → ia∗Csta → i
′
a∗Cst′a
[1]
→ .
Here ντα ≃ j
!
aCX is canonically isomorphic to the shifted normal orientation sheaf
orX/τα [− dim τα], and so, given a choice of normal orientation, isomorphic to the shifted
constant sheaf Cτα [− dim τα].
By induction, we can express i′a∗Cst′a in terms of the standard objects ib∗Cstb associ-
ated to the stars of simplices with dim τb ≥ k. Therefore we can express the standard
object ja∗Cτa as well. 
We can obtain a costandard basis by applying Verdier duality to the above standard
basis as follows.
Define Cst!(T ) to be the full dg category of ShT (X) of costandard objects ia!ωsta ≃
D(ia∗Csta ). The morphisms between costandard objects are quasi-isomorphic to com-
plexes concentrated in degree zero
homShT (X)(ib!ωstb , ia!ωsta ) ≃
{
C when τa ⊂ τb,
0 when τa 6⊂ τb.
The composition maps are given by the linearization of the obvious poset relations.
Since Verdier duality is an anti-equivalence, Lemma 2.3.3 implies the following.
Lemma 2.3.4. ShT (X) is the triangulated envelope of Cst!(T ).
2.4. Quasi-representable modules. This section is not logically needed in what
follows. We include it to give a feeling for the information contained in an A∞-module
over the constructible dg derived category Shc(X). By restricting a quasi-representable
A∞-module over Shc(X) to the costandard sheaves of open subsets, one obtains what
could be called an A∞-sheaf. For background on A∞-categories, the reader could
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consult [33] and the references therein. Note that any dg category can be viewed as an
an A∞-category with vanishing higher compositions.
Let Ch = Cdg(pt) denote the dg category of chain complexes of complex vector
spaces, and let modr(Shc(X)) denote the A∞-category of A∞-functors
M : Shc(X)
◦ → Ch.
In keeping with usual nomenclature (inspired by considering categories with a single
object), we will also refer to such functors as right Shc(X)-modules. The Yoneda
functor
Yr : Shc(X)→ modr(Shc(X))
Yr(F) : P 7→ homShc(X)(P,F)
is a quasi-embedding of A∞-categories in the sense that the induced cohomology functor
is fully faithful. We will say that a module M is quasi-represented by an object F if
there is a quasi-isomorphism of modules Yr(F) ≃M.
Fix a Whitney stratification S = {Sα} of X by submanifolds iα : Sα →֒ X. We would
like to characterize when a right Shc(X)-module is quasi-represented by an object of
ShS(X). The following two properties clearly hold for any right Shc(X)-module M
quasi-represented by an object of ShS(X).
(f-r) For any submanifold i : Y →֒ X with costandard object i!CY , the cohomology of
the evaluation M(i!CY ) is finite-rank.
(S-lc) Let T = {τa} be any triangulation of X by simplices ja : τa →֒ X refining the
stratification S in the sense that each stratum of S is a union of simplices of T .
For each pair τa ⊂ τb of simplices of T such that τa, τb both lie in a single stratum
of S, the natural evaluation map
M(ib!ωτb )
//M(ia!ωτa )
is a quasi-isomorphism.
Clearly any object F of Shc(X) whose Yoneda module Yr(F) satisfies (S-lc) belongs
to ShS(X). The remainder of this section is devoted to showing that any right Shc(X)-
module satisfying (f-r) and (S-lc) is quasi-represented by an object of ShS(X).
Lemma 2.4.1. For any right Shc(X)-module M satisfying the finite-rank condition
(f-r), and any triangulation T , there is an object FT of ShT (X) that quasi-represents
the restriction M|ShT (X).
Proof. Recall the full dg category C!(T ) ⊂ Shc(X) of costandard objects introduced
in the preceding section. By Lemma 2.3.2, the embedding realizes ShT (X) as the
triangulated envelope of C!(T ), and hence the corresponding restriction of modules is
a quasi-embedding as well
modr(ShT (X)) →֒ modr(C!(T )).
Thus to prove the lemma, it suffices to define an object FT of ShT (X) along with a
quasi-isomorphism of modules
Yr(FT )|C!(T ) ≃M|C!(T )
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Consider the (oriented) standard objects ja∗ωτa associated to the simplices ja : τa →֒
X. They provide the simplest right C!(T )-modules in the sense that
homShT (X)(jb!ωτb , ja∗ωτa ) ≃ homShT (X)(ωτb , j
!
bja∗ωτa ) ≃
{
C when a = b,
0 when a 6= b.
We will use this to show that M|C!(T ) can be expressed as an iterated cone of shifts of
the standard modules Yr(ja∗ωτa )|C!(T ).
The argument, similar to that of Lemma 2.3.1, is an induction on the dimension
of the simplices of T , beginning with the open simplices. Let n = dimX, and for
0 ≤ k ≤ n, let Ik be those indices labelling simplices of T of dimension k.
(Step n) For an ∈ In, consider the evaluation M(an) =M(jτan !ωτan ).
We claim that there is a canonical map of right C!(T )-modules
qn :M→
∑
an∈In
Yr(jan∗(M(an)⊗ ωτan )).
To see this, note that for any τb, the right hand side evaluates to be( ∑
an∈In
Yr(jan∗(M(an)⊗ ωτan ))
)
(jb!ωτb ) ≃
{
M(an) when b = an,
0 when b 6= an.
Thus we can take the first-order part of qn to be the identity when b = an and zero
otherwise. Furthermore, there are no higher-order terms to define.
LetM<n denote the cone of qn. By construction, since qn evaluated at any ja!ωτa , for
any a ∈ In, is an isomorphism at the chain level, we can arrange so thatM<n(ja!ωτa ) =
0, for all a ∈ In.
(Step n−1) For an−1 ∈ In−1, consider the evaluationM<n(an−1) =M<n(jan−1!ωτan−1 ).
We claim that there is a canonical map of right C!(T )-modules
qn−1 :M<n →
∑
an−1∈In−1
Yr(jan−1∗(M<n(an−1)⊗ ωτan−1 )).
To see this, note that for any τb, the left hand side evaluates to be ∑
an−1∈In−1
Yr(jan−1∗(M(an−1)⊗ ωτan−1 ))
 (jb!ωτb ) ≃ { M<n(an−1) when b = an−1,0 when b 6= an−1.
Thus we can take the first-order part of qn−1 to be the identity when b = an−1 and
zero otherwise. Furthermore, there are no higher-order terms to define.
LetM<n−1 denote the cone of qn−1. By construction, since qn−1 evaluated at ja!ωτa ,
for any a ∈ In−1 ∪ In, is an isomorphism at the chain level, we can arrange so that
M<n−1(ja!ωτa ) = 0, for all a ∈ In−1 ∪ In.
And so on. In the end, we see thatM can be expressed by a finite sequence of cones
of Yoneda modules of shifted standard objects. 
Consider a second triangulation T ′ of X that refines T in the sense that each simplex
of T is a union of simplices of T ′. So we have fully faithful dg embeddings
ShT (X) →֒ ShT ′(X) →֒ Shc(X),
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and the corresponding restriction of modules
modr(Shc(X))→ modr(ShT ′(X))→ modr(ShT (X)).
Lemma 2.4.2. Suppose the right Shc(X)-module M also satisfies the S-locally con-
stant property (S-lc) (in addition to (f-r)), and that the triangulation T refines the
stratification S. Then for any triangulation T ′ that refines T , there is a canonical
isomorphism FT ≃ FT ′ of objects of Shc(X).
Proof. Recall that for any right Shc(X)-moduleM satisfying the finite-rank condition
(f-r), and any triangulation T , Lemma 2.4.1 provides an object FT along with a quasi-
isomorphism of right ShT (X)-modules
Yr(FT ) ≃M|ShT (X).
Applying Lemma 2.4.1 to T ′ and restricting to ShT (X) provides a quasi-isomorphism
of right ShT (X)-modules
Yr(FT ′)|ShT (X) ≃M|ShT (X).
Finally, composing the above quasi-isomorphisms gives a quasi-isomorphism of right
ShT (X)-modules
Yr(FT ′)|ShT (X) ≃ Yr(FT ).
With the above quasi-isomorphism in hand, to prove the lemma, it suffices to show
that FT ′ is in fact an object of ShT (X). For each pair τ
′
a ⊂ τ
′
b of simplices of T
′ such
that τ ′a, τ
′
b both lie in a single stratum of S, there is a diagram which commutes at the
level of cohomology
M(ib!ωτb )
//
≀

M(ia!ωτa )
≀

homShc(X)(ib!ωτb ,FT ′) // homShc(X)(ia!ωτa ,FT ′)
The assumption (S-lc) on M implies that the upper horizontal arrow is a quasi-
isomorphism, and so the lower horizontal arrow is as well. Thus the object FT ′ is
in fact T -constructible. 
We summarize the preceding development in the following statement.
Proposition 2.4.3. Let M be an object of modr(Shc(X)) satisfying the properties
(f-r) and (S-lc). Then M is quasi-represented by an object of ShS(X).
Proof. Fix a triangulation T refining the stratification S. By Lemma 2.4.1, there is an
object FT quasi-representing the restriction M|ShT (X). Given any stratification S
′, we
can find a triangulation T ′ that simultaneously refines T and S ′. Thus by Lemma 2.4.2,
the object FT quasi-representsM on all of Shc(X). Finally,M satisfies property (S-lc)
and hence the Yoneda Shc(X)-module Yr(FT ) does as well. This clearly implies that
FT is S-constructible. 
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3. Microlocal branes
In the sections below, we review some basic aspects of the Fukaya category of the
cotangent bundle T ∗X from [28]. In particular, we discuss how constructible sheaves
on X embed into its triangulated envelope. We also collect some technical results on
isotopies and standard branes needed in what follows.
3.1. Preliminaries. In what follows, we work with a fixed compact real analytic man-
ifold X with cotangent bundle π : T ∗X → X. We often denote points of T ∗X by pairs
(x, ξ) where x ∈ X and ξ ∈ T ∗xX. The material of this section is a condensed version
of the discussion of [28].
Let θ ∈ Ω1(T ∗X) denote the canonical one-form θ(v) = ξ(π∗v), for v ∈ T(x,ξ)(T
∗X),
and let ω = dθ ∈ Ω2(T ∗X) denote the canonical symplectic structure. For a fixed
Riemannian metric on X, let |ξ| : T ∗X → R denote the corresponding fiberwise linear
length function.
3.1.1. Compactification. To better control noncompact Lagrangians in T ∗X, it is useful
to work with the cospherical compactification π : T
∗
X → X of the projection π :
T ∗X → X obtained by attaching the cosphere bundle at infinity π∞ : T∞X → X.
Concretely, we can realize the compactification T
∗
X as the quotient
T
∗
X = ((T ∗X × R≥0) \ (X × {0})) /R+
where R+ acts by dilations on both factors. The canonical inclusion T
∗X →֒ T
∗
X
sends a covector ξ to the class of [ξ, 1]. The boundary at infinity T∞X = T
∗
X \ T ∗X
consists of classes of the form [ξ, 0] with ξ a non-zero covector. Given a Riemannian
metric on X, one can identify T
∗
X with the closed unit disk bundle D∗X, and T∞X
with the unit cosphere bundle S∗X, via the map
[ξ, r] 7→ (ξˆ, rˆ), where |ξˆ|2 + rˆ2 = 1.
The boundary at infinity T∞X carries a canonical contact distribution κ ⊂ T (T∞X)
with a well-defined notion of positive normal direction. Given a Riemannian metric on
X, under the induced identification of T∞X with the unit cosphere bundle S∗X, the
distribution κ is the kernel of the restriction of θ.
3.1.2. Conical almost complex structure. To better control holomorphic disks in T ∗X,
it is useful to work with an almost complex structure Jcon ∈ End(T (T
∗X)) which near
infinity is invariant under dilations.
A fixed Riemannian metric on X provides a canonical splitting T (T ∗X) ≃ Tb ⊕ Tf ,
where Tb denotes the horizontal base directions and Tf the vertical fiber directions,
along with a canonical isomorphism j0 : Tb→Tf of vector bundles over T
∗X. We refer
to the resulting almost complex structure
JSas =
(
0 j−10
−j0 0
)
∈ End(Tb ⊕ Tf ).
as the Sasaki almost complex structure, since by construction, the Sasaki metric on
T ∗X is given by gSas(v, v) = ω(u, JSasv).
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Fix positive constants r0, r1 > 0, a bump function b : R → R such that b(r) = 0 for
r < r0, and b(r) = 1, for r > r1, and set w(x, ξ) = |ξ|
b(|ξ|), where as usual |ξ| denotes
the length of a covector with respect to the original metric on X. We refer to the
compatible almost complex structure
Jw =
(
0 w−1j−10
−wj0 0
)
∈ End(Tb ⊕ Tf )
as a(n asymptotically) conical almost complex structure since near infinity Jcon is in-
variant under dilations. The corresponding metric gcon(u, v) = ω(v, Jconv) presents
T ∗X near infinity as a metric cone over the unit cosphere bundle S∗X equipped with
the Sasaki metric.
One can view the conical metric gcon as being compatible with the compactification
T
∗
X in the sense that near infinity it treats base and angular fiber directions on equal
footing. Near infinity the metrics on the level sets of |ξ| are given by scaling the Sasaki
metric on the unit cophere bundle by the factor |ξ|1/2.
3.2. Brane structures. By a Lagrangian j : L →֒ T ∗X, we mean a closed (but not
necessarily compact) half-dimensional submanifold such that TL is isotropic for the
symplectic form ω. One says that L is exact if the pullback of the one-form j∗θ is
cohomologous to zero.
By a brane structure on a Lagrangian L →֒ T ∗X, we mean a three-tuple (E , α˜, ♭)
consisting of a flat (finite-dimensional) vector bundle E → L, along with a grading
α˜ : L→ R (with respect to the canonical bicanonical trivialization) and a relative pin
structure ♭ (with respect to the background class π∗(w2(X)). To remind the interested
reader, we include below a short summary of what the latter two structures entail.
3.2.1. Gradings. The almost complex structure Jcon ∈ End(T (T
∗X)) provides a holo-
morphic canonical bundle κ = (∧dimXT hol(T ∗X))−1. According to [28], there is a
canonical trivialization η2 of the bicanonical bundle κ⊗2 (and a canonical trivializa-
tion of κ itself if X is assumed oriented). Consider the bundle of Lagrangian planes
LagT ∗X → T
∗X, and the squared phase map
α : LagT ∗X → U(1)
α(L) = η(∧dimXL)2/|η(∧dimXL)|2.
For a Lagrangian L →֒ T ∗X and a point x ∈ L, we obtain a map α : L → U(1)
by setting α(x) = α(TxL). The Maslov class µ(L) ∈ H
1(L,Z) is the obstruction class
µ = α∗(dt), where dt denotes the standard one-form on U(1). Thus α has a lift to a
map α˜ : L→ R if and only if µ = 0, and choices of a lift form a torsor over the group
H0(L,Z). Such a lift α˜ : L→ R is called a grading of the Lagrangian L →֒ T ∗X.
3.2.2. Relative pin structures. Recall that the group Pin+(n) is the double cover of
O(n) with center Z/2Z×Z/2Z. A pin structure on a Riemannian manifold L is a lift of
the structure group of TL to Pin+(n). The obstruction to a pin structure is the second
Stiefel-Whitney class w2(L) ∈ H
2(L,Z/2Z), and choices of pin structures form a torsor
over the group H1(L,Z/2Z).
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A relative pin structure on a submanifold L →֒ M with background class [w] ∈
H2(M,Z/2Z) can be defined as follows. Fix a Cˇech cocycle w representing [w], and let
w|L be its restriction to L. Then a pin structure on L relative to [w] can be defined
to be an w|L-twisted pin structure on TL. Concretely, this can be represented by a
Pin+(n)-valued Cˇech 1-cochain on L whose coboundary is w|L. Such structures are
canonically independent of the choice of Cˇech representatives.
For Lagrangians L →֒ T ∗X, we will always consider relative pin structures ♭ on L
with respect to the fixed background class π∗(w2(X)) ∈ H
2(T ∗X,Z/2Z).
3.3. Fukaya category. We recall here the construction of the Fukaya A∞-category
of the cotangent bundle T ∗X. Our aim is not to review all of the details, but only
those relevant to our later proofs. For more details, the reader could consult [28] and
the references therein. In technical terms, the construction is a close relative of the
category of vanishing cycles proposed by Kontsevich [22] and Hori-Iqbal-Vafa [13], and
developed by Seidel [30], [31], [33].
3.3.1. Objects. An object of the Fukaya category of T ∗X is a four-tuple (L, E , α˜, ♭)
consisting of an exact (not necessarily compact) closed Lagrangian submanifold L →֒
T ∗X equipped with a brane structure: this includes a flat vector bundle E → L, along
with a grading α˜ : L→ R (with respect to the canonical bicanonical trivialization) and
a relative pin structure ♭ (with respect to the background class π∗(w2(X)).
To ensure reasonable behavior near infinity, we place two assumptions on the La-
grangian L. First, consider the compactification T
∗
X obtained by adding to T ∗X the
cosphere bundle at infinity T∞X. Then we fix an analytic-geometric category C once
and for all, and assume that the closure L →֒ T
∗
X is a C-subset. Along with other nice
properties, this implies the following two key facts:
(1) The boundary at infinity
L∞ = L ∩ T∞X
is an isotropic subset of T∞X with respect to the induced contact structure.
(2) There is a real number r > 0 such that the restriction of the length function
|ξ| : L ∩ {|ξ| > r} → R
has no critical points.
As discussed below, the above properties guarantee we can make sense of “intersections
at infinity”.
Second, to have a manageable theory of pseudoholomorphic maps with boundary on
such Lagrangians, we also assume the existence of a perturbation ψ that moves the
initial Lagrangian L to a nearby Lagrangian tame (in the sense of [34]) with respect to
the conical metric gcon. As confirmed in the Appendix, all such perturbations lead to
equivalent calculations.
We use the term Lagrangian brane to refer to objects of the Fukaya category. When
there is no chance for confusion, we often write L alone to signify the Lagrangian brane.
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3.3.2. Morphisms. To define the morphisms between two branes, we must perturb La-
grangians so that their intersections occur in some bounded domain. To organize the
perturbations, we recall the inductive notion of a fringed set Rd+1 ⊂ R
d+1
+ . A fringed
set R1 ⊂ R+ is any interval of the form (0, r) for some r > 0. A fringed set Rd+1 ⊂ R
d+1
+
is a subset satisfying the following:
(1) Rd+1 is open in R
d+1
+ .
(2) Under the projection π : Rd+1 → Rd forgetting the last coordinate, the image
π(Rd+1) is a fringed set.
(3) If (r1, . . . , rd, rd+1) ∈ Rd+1, then (r1, . . . , rd, r
′
d+1) ∈ Rd+1 for 0 < r
′
d+1 < rd+1.
A Hamiltonian function H : T ∗X → R is said to be controlled if there is a real
number r > 0 such that in the region |ξ| > r we have H(x, ξ) = |ξ|. The corresponding
Hamiltonian isotopy ϕH,t : T
∗X → T ∗X equals the normalized geodesic flow γt in the
region |ξ| > r.
As explained in [28], given Lagrangians branes L0, . . . , Ld ⊂ T
∗X, and controlled
Hamiltonian functions H0, . . . ,Hd, we may choose a fringed set R ⊂ R
d+1 such that for
(δd, . . . , δ0) ∈ R, there is a real number r > 0 such that for any i 6= j, we have
ϕHi,δi(Li) ∩ ϕHj ,δj(Lj) lies in the region |ξ| < r.
By a further compactly supported Hamiltonian perturbation, we may also arrange so
that the intersections are transverse.
We consider finite collections of Lagrangian branes L0, . . . , Ld ⊂ T
∗X to come
equipped with such perturbation data, with the brane structures (Ei, α˜i, ♭i) and taming
perturbations ψi transported via the perturbations. Note that the latter makes sense
since the normalized geodesic flow γt is an isometry of the metric gcon. Then for branes
Li, Lj with i < j, the graded vector space of morphisms between them is defined to be
homF (T ∗X)(Li, Lj) =
⊕
p∈ψi(ϕHi,δi (Li))∩ψj(ϕHj,δj (Lj))
Hom(Ei|p, Ej |p)[− deg(p)].
where the integer deg(p) denotes the Maslov grading of the linear Lagrangian subspaces
at the intersection.
It is worth emphasizing that near infinity the salient aspect of the above perturbation
procedure is the relative position of the perturbed branes rather than their absolute
position. The following informal viewpoint can be a useful mnemonic to keep the
conventions straight. In general, we always think of morphisms as “propagating forward
in time”. Thus to calculate the morphisms homF (T ∗X)(L0, L1), we have required that
L0, L1 are perturbed near infinity by normalized geodesic flow so that L1 is further in
the future than L0. But what is important is not that they are both perturbed forward
in time, only that L1 is further along the timeline than L0. So for example, we could
perturb L0, L1 near infinity by normalized anti-geodesic flow as long as L0 is further in
the past than L1.
3.3.3. Compositions. Signed counts of pseudoholomorphic polygons provide the differ-
ential and higher composition maps of the A∞-structure. We use the following approach
of Sikorav [34] (or equivalently, Audin-Lalonde-Polterovich [1]) to ensure that the rel-
evant moduli spaces are compact, and hence the corresponding counts are finite.
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First, as explained in [28], the cotangent bundle T ∗X equipped with the canonical
symplectic form ω, conical almost complex structure Jcon, and conical metric gcon is
tame in the sense of [34]. To see this, one can verify that gcon is conical near infinity,
and so it is easy to derive an upper bound on its curvature and a positive lower bound
on its injectivity radius.
Next, given a finite collection of branes L0, . . . , Ld, denote by L the union of their
perturbations ψi(ϕHi,δi(Li)) as described above. By construction, the intersection of L
with the region |ξ| > r is a tame submanifold (in the sense of [34]) with respect to the
structures ω, Jcon, and gcon. Namely, there exists ρL > 0 such that for every x ∈ L, the
set of points y ∈ L of distance d(x, y) ≤ ρL is contractible, and there exists CL giving a
two-point distance condition dL(x, y) ≤ CLd(x, y) whenever x, y ∈ L with d(x, y) < ρL.
Now, consider a fixed topological type of pseudoholomorphic map
u : (D,∂D)→ (T ∗X,L).
Assume that all u(D) intersect a fixed compact region, and there is an a priori area
bound Area(u(D)) < A. Then as proven in [34], one has compactness of the moduli
space of such maps u. In fact, one has a diameter bound (depending only on the given
constants) constraining how far the image u(D) can stretch from the compact set.
In the situation at hand, for a given A∞-structure constant, we must consider pseu-
doholomorphic maps u from polygons with labeled boundary edges. In particular, all
such maps u have image intersecting the compact set given by a single intersection
point. The area of the image u(D) can be expressed as the contour integral
Area(u(D)) =
∫
u(∂D)
θ.
Since each of the individual Lagrangian branes making up L is exact, the contour
integral only depends upon the integral of θ along minimal paths between intersection
points. Thus such maps u satisfy an a priori area bound. We conclude that for each
A∞-structure constant, the moduli space defining the structure constant is compact,
and its points are represented by maps u with image bounded by a fixed distance from
any of the intersection points.
Finally, as usual, the composition map
md : homF (T ∗X)(L0, L1)⊗ · · · ⊗ homF (T ∗X)(Ld−1, Ld)→ homF (T ∗X)(L0, Ld)[2− d]
is defined as follows. Consider elements pi ∈ hom(Li, Li+1), for i = 0, . . . , d − 1, and
pd ∈ hom(L0, Ld). Then the coefficient of pd in m
d(p0, . . . , pd−1) is defined to be the
signed sum over pseudoholomorphic maps from a disk with d + 1 counterclockwise
cyclically ordered marked points mapping to the pi and corresponding boundary arcs
mapping to the perturbations of Li+1. Each map contributes according to the holonomy
of its boundary, where adjacent perturbed components Li and Li+1 are glued with pi.
Continuation maps with respect to families of perturbed branes ensure the consis-
tency of all of our definitions. While the details of this were not elaborated on in [28],
Section 3.7 and the Appendix contain a discussion about continuation maps which
contains what is needed here as a special case.
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Consider the dg category of right modules over the Fukaya category of T ∗X. Through-
out this paper, we write F (T ∗X) for the the full subcategory of twisted complexes of
representable modules, and refer to it as the triangulated envelope of the Fukaya cate-
gory. We use the term Lagrangian brane to refer to an object of the Fukaya category,
and brane to refer to an object of its triangulated envelope F (T ∗X).
Before continuing, it is worth remarking about the status of units for Lagrangian
branes, and thus the precise relation between the Fukaya category and its triangulated
envelope F (T ∗X). Thanks to standard arguments, all of the Lagrangian branes con-
sidered in this paper (in particular, all those arising from sheaves via microlocalization
as explained in Section 3.5) are cohomologically unital. Furthermore, we expect ev-
ery Lagrangian brane to be cohomologically unital, though we have not attempted to
show this. Rather, our definition of the triangulated envelope F (T ∗X) as a category of
modules automatically provides (strict) units. The Yoneda embedding from the Fukaya
category to F (T ∗X) is cohomologically fully faithful on cohomologically unital Lagrang-
ian branes. Likewise, since F (T ∗X) is unital, the Yoneda embedding from F (T ∗X) to
(left or right) modules over F (T ∗X) is cohomologically fully faithful. This does not
rule out the possibility of exotic Lagrangian branes that are for instance orthogonal
to all other branes including themselves. While potentially interesting, exploring such
phenomena is beyond the aims of this paper.
It is also worth remarking that since Shc(X) is split-closed, as a consequence of our
main result, it follows that F (T ∗X) is split-closed as well.
3.4. Duality and time reversal.
3.4.1. Duality. We introduce here the duality on branes that corresponds to Verdier
duality on sheaves. In Section 5.1, as a consequence of our main result, we will confirm
this compatibility.
Consider the antipodal anti-symplectomorphism
a : T ∗X → T ∗X a(x, ξ) = (x,−ξ).
It induces a duality equivalence
αX : F (T
∗X)◦
∼
→ F (T ∗X).
On Lagrangian branes, αX is given by the map
(L, E , α˜, ♭) 7→ (a(L), a∗(E∨)⊗ orX ,− dimX − a
∗(α˜), a∗(♭)).
Here orX denotes the pullback to T
∗X of the orientation local system of X. Note as
well that given a taming perturbation ψ for L, one can take the composition ψ ◦ a as
a taming perturbation for a(L). On morphisms and pseudoholomorphic disks, αX is
given by transport of structure via the antipodal map a.
3.4.2. Time reversal. Although our proofs will not require the material of this section,
we include it as a prelude to the informal discussion of Section 5.4.
Let (T ∗X)− denote the cotangent bundle with its opposite symplectic structure.
So except for the symplectic form being negated, no other aspect of the geometry is
changed. In particular, we continue to work with a Riemannian metric on X for which
the notion of normalized geodesic flow is unchanged.
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We can repeat the construction of F (T ∗X) word for word in order to construct
F ((T ∗X)−). So when perturbing branes, we continue to work with Hamiltonian func-
tions H : (T ∗X)− → R which are controlled in the sense that there is a real number
r > 0 such that in the region |ξ| > r we have H(x, ξ) = |ξ|. Here the corresponding
Hamiltonian isotopy ϕH,t : (T
∗X)− → (T ∗X)− equals normalized anti-geodesic flow
γ−t in the region |ξ| > r because we are dealing with the opposite symplectic structure.
To calculate the A∞-structure among an ordered collection of Lagrangians branes
L0, . . . , Ld ⊂ (T
∗X)−, we continue to repeat our previous definition and choose con-
trolled Hamiltonian functions H0, . . . ,Hd, and a fringed set R ⊂ R
d+1 such that for
(δd, . . . , δ0) ∈ R, there is a real number r > 0 such that for any i 6= j, we have
ϕHi,δi(Li) ∩ ϕHj ,δj(Lj) lies in the region |ξ| < r.
By a further compactly supported Hamiltonian perturbation, we may also arrange so
that the intersections are transverse.
Similarly, the rest of the definition of F ((T ∗X)−) continues to follow that of F (T ∗X)
word by word.
In case of confusion concerning the above perturbation procedure near infinity, it is
useful to return to the mnemonic that morphisms propagate forward in time. Thus in
the case of F (T ∗X), to calculate the morphisms homF (T ∗X)(L0, L1), we have required
that L0, L1 are perturbed near infinity by normalized geodesic flow so that L1 is further
in the future than L0. In the case of F ((T
∗X)−), we think of the opposite symplectic
structure as reversing the timeline. To calculate the morphisms homF ((T ∗X)−)(L0, L1),
we again perturb L0, L1 near infinity so that L1 is further in the future than L0. But
now this implies that near infinity we must perturb L1 by normalized anti-geodesic flow
a greater amount than we perturb L0. Since we use the opposite symplectic structure
here, this implies that we continue to use controlled Hamiltonian functions.
Finally, there is a time reversal equivalence
ρX : F (T
∗X)◦
∼
→ F ((T ∗X)−).
On Lagrangian branes, ρX is given by the map
(L, E , α˜, ♭) 7→ (L, E∨,−α˜, ♭).
On morphisms and pseudoholomorphic disks, ρX is induced by the identity map.
3.5. Microlocalization. We review here the microlocalization quasi-embedding
µX : Shc(X)


// F (T ∗X)
constructed in [28]. Some useful notation: for a function m : X → R and number
r ∈ R, we write Xm=r for the subset {x ∈ X|m(x) = r} and similarly for inequalities.
Let i : U →֒ X be an open submanifold that is a C-subset ofX. Since the complement
X \U is a closed C-subset of X, we can find a non-negative function m : X → R≥0 such
that X \U is precisely the zero-set of m. Since the complement of the critical values of
m form an open C-subset of R, the subset Xm>η is an open submanifold with smooth
hypersurface boundary Xm=η, for any sufficiently small η > 0.
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Now let iα : Uα →֒ X, for α = 0, . . . , d, be a finite collection of open submanifolds
that are C-subsets of X. Fix non-negative function mα : X → R≥0, for α = 0, . . . , d,
such that X \Uα is precisely the zero-set of mα. There is a fringed set R ⊂ R
d+1
+ such
that for any (ηd, . . . , η0) ∈ R, the following holds. First the hypersurfaces Xmα=ηα are
all transverse. Second, for α < β, there is a quasi-isomorphism of complexes
homShc(X)(iα∗CUα , iβ∗CUβ) ≃ (Ω(Xmα≥ηα ∩Xmβ>ηβ ,Xmα=ηα ∩Xmβ>ηβ ), d)
where (Ω, d) denotes the relative de Rham complex which calculates the cohomology
of the pair. Furthermore, the composition of morphisms in Shc(X) corresponds to the
wedge product of forms.
Next let fα : Xmα>ηα → R, for α = 0, . . . , d, be the logarithm fα = logmα. While
choosing the sequence of parameters (ηd, . . . , η0), we can also choose a sequence of
small positive parameters (ǫd, . . . , ǫ0) such that the following holds. For any α <
β, consider the open submanifold Xmα>ηα,mβ>ηβ = Xmα>ηα ∩ Xmβ>ηβ with corners
equipped with the function fα,β = ǫβfβ−ǫαfα. Then there is an open set of Riemannian
metrics on X such that for all α < β, it makes sense to consider the Morse complex
M(Xmα>ηα,mβ>ηβ , fα,β), and there is a quasi-isomorphism
(Ω(Xmα≥ηα ∩Xmβ>ηβ ,Xmα=ηα ∩Xmβ>ηβ ), d) ≃M(Xmα>ηα,mβ>ηβ , fα,β).
Furthermore, following arguments of [12], [23], homological perturbation theory pro-
vides a quasi-equivalence between the A∞-composition structure on the collection of
Morse complexes and the dg structure given by the wedge product of forms.
Finally, we define the microlocalization quasi-embedding
µX : Shc(X)


// F (T ∗X)
as follows. Recall by Lemma 2.3.3, that the standard objects i∗CU associated to open
submanifolds i : U →֒ X generate the constructible dg derived category Shc(X). Thus
to construct µX , it suffices to find a parallel collection of standard objects of F (T
∗X).
Given an open submanifold i : U →֒ X and function m : X → R≥0 with zero-set the
complement X \ U , define the standard Lagrangian LU,f∗ →֒ T
∗X|U to be the graph
LU,f∗ = Γdf ,
where df denotes the differential of the logarithm f = logm.
The standard Lagrangian LU,f∗ comes equipped with a canonical brane structure
(E , α˜, ♭) and taming perturbation ψ. Its flat vector bundle E is trivial, and its grading
α˜ and relative pin structure ♭ are the canonical structures on a graph. Its taming
perturbation ψ is given by the family of standard Lagrangians
LXm=η ,fη∗ = Γdfη , for sufficiently small η > 0,
where fη = logmη is the logarithm of the shifted function mη = m− η.
Now one can extend the fundamental result of Fukaya-Oh [8] identifying Morse mod-
uli spaces and Fukaya moduli spaces to the current setting. Namely, one can show that
for any finite ordered collection of open submanifolds iα : Uα →֒ X, for α = 0, . . . , d,
and any finite collection of A∞-compositions respecting the order, there is a fringed set
R ⊂ Rd+1 such that for any parameters (ηd, . . . , η0) ∈ R, the Morse moduli spaces of
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the ordered collection of functions fηα are isomorphic to the Fukaya moduli spaces of
the ordered collection of standard branes LXm=η ,fη∗ (after further variable dilations of
the functions and branes).
Thus we can define a quasi-embedding µX so that on objects we have
µX(i∗CU) = LU,f∗
where f = logm for any choice of non-negative function m : X → R≥0 such that the
complement X \U is the zero-set of m. In particular, the standard branes for different
choices of m are all isomorphic, and so we will choose one and simply denote it by LU∗.
In what follows, it will also be useful to recall the result of [28] describing where µX
takes other standard objects.
Consider the standard sheaf i∗CY associated to an arbitrary submanifold i : Y →֒ X.
Given a non-negative function m : X → R≥0 with zero-set the boundary ∂Y = Y \ Y ,
define the standard Lagrangian LY,f∗ →֒ T
∗X|Y to be the fiberwise sum
LY,f∗ = T
∗
YX + Γdf
where T ∗YX →֒ T
∗X denotes the conormal bundle to Y , and Γdf →֒ T
∗X|Y the graph
of the differential of the logarithm f = logm. By construction, LY,f∗ depends only on
the restriction of m to Y .
The standard Lagrangian LY,f∗ comes equipped with a canonical brane structure
(E , α˜, ♭) and taming perturbation ψ. Its flat vector bundle E is the pullback of the nor-
mal orientation bundle π∗(orX ⊗ or
−1
Y ), where orX , orY denote the orientation bundles
of X,Y respectively. Its grading α˜ is characterized by the following property. Suppose
we perturb LY,f∗ so that it becomes a graph over an open set. Then if the perturbation
is in the direction of anti-geodesic flow near infinity, the transported grading coincides
with the canonical grading carried by the graph. If the perturbation is in the direc-
tion of geodesic flow near infinity, then the transported grading is equal to the shift
by codimY of the canonical grading on the graph. Under either such perturbation,
its relative pin structure ♭ coincides with the canonical such structure on the graph.
Finally, its taming perturbation ψ is given by the family of standard Lagrangians
LYm=η ,fη∗ = Γdfη , for sufficiently small η > 0,
where fη = logmη is the logarithm of the shifted function mη = m− η.
Then by [28], the microlocalization µX(i∗CY ) is isomorphic to the standard brane
LY,f∗. In particular, the standard branes LY,f∗ for different choices of f are all isomor-
phic, and so we will choose one and simply denote it by LY ∗.
In the next section, it will be helpful to have in mind the following aspect of the
construction of µX . Our perturbation conventions allow for all of the standard branes
to be perturbed near infinity in the direction of normalized geodesic flow. In particular,
this implies that the perturbations contract the boundaries of standard branes towards
the interior of the corresponding submanifolds. Thus all calculations can be understood
in terms of submanifolds with smooth, transversely intersecting boundaries.
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3.6. Costandard branes. The material of this section is needed in Section 5.1 to
confirm that the microlocalization µX intertwines Verdier duality DX and the brane
duality αX . It does not play a role in the proof in Section 4 that µX is a quasi-
equivalence.
Let i : U →֒ X be an open submanifold, and i!ωU be the corresponding costandard
object. Let us first study the left Yoneda Shc(X)-module Yℓ(i!ωU) applied to a finite
collection of standard objects associated to open submanifolds.
For α = 0, . . . , d, consider an open submanifold iα : Uα →֒ X, and the corresponding
standard object iα∗CUα . Consider the problem of calculating the directed dg structure
among the ordered collection
i!ωU , i0∗CU0, . . . , id∗CUd .
For α = 0, . . . , d, fix a non-negative function mα : X → R≥0 such that the comple-
ment X \Uα is the zero-set of mα. Then the techniques of [28] allow us to fix i!ωU but
simplify the other objects. To be precise, there is a fringed set R ⊂ Rd+1+ such that for
any (ηd, . . . , η0) ∈ R, the above directed dg structure is quasi-equivalent to that of the
ordered collection
i!ωU , i0,η0∗CXm0>η0 , . . . , id,ηd∗CXmd>ηd
where iα,ηα : Xmα>ηα →֒ X denotes the inclusion.
Furthermore, another application of the techniques of [28], along with the adjunction
identity
homShc(X)(i!ωU , iα,ηα∗CXmα>ηα ) ≃ homShc(X)(ωU , i
!iα,ηα∗CXmα>ηα ),
shows that for sufficently small η > 0, we can replace the above ordered collection by
the ordered collection
iη!ωXm>η , i0,η0∗CXm0>η0 , . . . , id,ηd∗CXmd>ηd ,
where as above iη : Xm>η →֒ X denotes the inclusion.
Finally, we can calculate the above morphism complexes via de Rham complexes.
Namely, there are quasi-isomorphisms of complexes
homShc(X)(i!ωU , iα∗CUα) ≃ (Ω(Xm>η ∩Xmα>ηα ;ω
∨
X), d),
and for α < β, there are quasi-isomorphisms of complexes
homShc(X)(iα∗CUα, iβ∗CUβ) ≃ (Ω(Xmα≥ηα ∩Xmβ>ηβ ,Xmα=ηα ∩Xmβ>ηβ ), d).
Furthermore, the composition of morphisms corresponds to the wedge product of forms.
Now in parallel with standard branes, we define costandard branes as follows. For
simplicity, and since it suffices for our later needs, we restrict to the case of open
submanifolds.
Given an open submanifold i : U →֒ X and function m : X → R≥0 with zero-set the
complement X \ U , define the costandard Lagrangian LU,f ! →֒ T
∗X|U to be the graph
LU,f ! = −Γdf ,
where df denotes the differential of the logarithm f = logm.
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The costandard Lagrangian LU,f ! comes equipped with a canonical brane structure
(E , α˜, ♭) and taming perturbation ψ. Its flat vector bundle E is the pullback of the
orientation bundle π∗(orX), its grading α˜ is the shift by dimX of the canonical grading
on a graph, and its relative pin structure ♭ is the canonical structure on a graph. Finally,
its taming perturbation ψ is given by the family of costandard Lagrangians
LXm=η ,fη ! = −Γdfη , for sufficiently small η > 0,
where fη = logmη is the logarithm of the shifted function mη = m− η.
Alternatively, we could use the brane duality αX , and take as definition the moti-
vating identity
LU,f ! ≃ αX(LU,f∗).
In particular, the costandard branes LU,f ! for different choices of f are all isomorphic,
and so we will choose one and denote it by LU !.
The construction of the microlocalization µX favors standard objects over costandard
objects. For example, without further arguments, it does not follow immediately that
µX takes the costandard sheaf i!ωU to a costandard brane LU !. Equivalently, without
further arguments, it does not immediately follow that µX intertwines Verdier duality
DX with brane duality αX . To eventually see this (cf. Proposition 5.1.1), we will use
the following partial identification of costandard branes.
Consider the microlocalization µX , and the resulting pullback functor on left modules
µ∗X : modℓ(F (T
∗X))→ modℓ(Shc(X))
µ∗X(M) =M◦ µX .
In particular, for an object L of F (T ∗X), composing µ∗X with the Yoneda embedding
Yℓ for left modules provides a left Shc(X)-module
µ∗X(Yℓ(L))(F) = homF (T ∗X)(L,µX(F)).
Proposition 3.6.1. For any open submanifold i : U →֒ X, there is a quasi-isomorphism
of left Shc(X)-modules
µ∗X(Yℓ(LU !)) ≃ Yℓ(i!ωU) : Shc(X)→ Ch.
Proof. Let us understand the left Shc(X)-module µ
∗
X(Yℓ(LU !)) applied to a finite col-
lection of standard objects associated to open submanifolds.
Fix a representative LU,f ! where as usual f = logm for a non-negative function
m : X → R≥0 such that the complement X \ U is the zero-set of m. For α = 0, . . . , d,
consider an open submanifold iα : Uα →֒ X, a non-negative function mα : X → R≥0
such that the complement X \Uα is the zero-set of mα, and the corresponding standard
brane LUα,fα∗ where as usual fα = logmα,
Consider the problem of calculating the directed A∞-composition maps among the
ordered collection
LU,f !, LU0,f0∗, . . . , LUd,fd∗.
Then our perturbation conventions allow us to fix LU,f ! but perturb the other branes.
To be precise, there is a fringed set R ⊂ Rd+1+ such that for any (ηd, . . . , η0) ∈ R, we
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must calculate the directed A∞-composition maps among the ordered collection
LU,f !, LXm0>η0 ,f0,η∗, . . . , LXmd>ηd ,fd,η∗.
Here as earlier the underlying Lagrangian of the standard brane LXmα>ηα ,fα,η∗ is the
graph of the differential of fα,ηα = log(mα − ηα) over the open set Xmα>ηα
By definition, the taming perturbation of the costandard brane LU,f ! moves it to the
costandard brane LXm>η ,fη!, for sufficiently small η > 0. Here as above the underlying
Lagrangian of the costandard brane LXm>η ,fη! is the negative of the graph of the dif-
ferential of fη = log(m− η) over the open set Xm>η. Thus we are left to calculate the
directed A∞-composition maps among the ordered collection
LXm>η ,fη !, LXm0>η0 ,f0,η∗, . . . , LXmd>ηd ,fd,η∗.
The techniques of [28] extend directly to this situation: the relevant Fukaya moduli
spaces can be identified with the corresponding Morse moduli spaces. In turn, following
arguments of [12], [23], homological perturbation theory provides a quasi-equivalence
between the Morse A∞-composition structure and the dg structure given by the wedge
product of forms. Finally, as discussed above, the dg structure on differential forms
calculates the dg structure on the corresponding constructible sheaves. 
3.7. Non-characteristic isotopies. We discuss here the invariance of calculations
among microlocal branes under a very specific class of non-characteristic Hamiltonian
isotopies. What we explain is the minimum technical result needed to establish our
main theorem. Further generalizations are discussed in the Appendix.
3.7.1. Motivation: sheaf calculations. This section is intended as motivation for the
Floer calculations to follow, but is not logically needed in what follows.
Let’s consider a family of stratifications of X parametrized by the real line R. More
precisesly, by a one-parameter family of stratifications of X, we mean a single Whitney
stratification S = {Sβ} of R×X satisfying the following:
(1) The restrictions of the projection pR : R×X → R to each stratum Sβ of S is
nonsingular.
(2) There is a compact interval [a, b] →֒ R such that the induced stratification of
p−1
R
(R \ [a, b]) obtained by restricting S is locally constant.
For each s ∈ R, we will denote by S(s) = p−1
R
(s) ∩S the fiber of S. Note that con-
dition (1) above implies that the topological type of the stratification S(s) is constant
with respect to s ∈ R. More precisely, by the Thom Isotopy Lemma, one can construct
a homeomorphism ψ : R×X → R×X such that pR ◦ ψ = pR, ψ(S) = R×S(0).
Suppose two one-parameter family of stratifications S = {Sβ}, S
′ = {S′α} of X are
transverse. Note that this is equivalent to the fibers S(s) and S′(s) being transverse for
all s ∈ R. Then the Whitney stratification S∩S′ of R×X with strata the intersections
of strata {Sβ ∩S
′
α} is again a one-parameter family of stratifications of X.
In particular, fix a Whitney stratification S = {Sα} of X, and let SR = {R×Sα} be
the constant one-parameter family of stratifications of R × X. We will say that S is
S-non-characteristic if S is transverse to SR.
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Now consider the S-constructible dg derived category ShS(X). Consider as well any
object F of the S-constructible dg derived category ShS(R × X), and denote by Fs
its restriction to the fiber X = p−1
R
(s). In general, Fs is not an object of ShS(X), but
can be paired with objects of ShS(X) in the ambient constructible dg derived category
Shc(X).
Lemma 3.7.1. Suppose S is an S-non-characteristic one-parameter family of stratifi-
cations of X. Then for any object F of ShS(R×X), and any test object P of ShS(X),
there are functorial quasi-isomorphisms among the complexes
homShc(X)(P,Fs), for all s ∈ R.
Proof. Consider the object of Shc(R) given by the pushforward
pR!HomShc(R×X)(CR ⊠ P,F).
By base change, its stalk at s ∈ R is the complex homShc(X)(P,F). As mentioned
above, the Thom Isotopy Lemma provides a stratum-preserving homeomorphism
ψ : R×X → R×X ψ(S ∩ SR) = R× (S(0) ∩ S)
such that pR◦ψ = pR. Thus the projection via pR! ≃ pR!◦ψ! of any object of ShS∩SR(R×
X) is constant. 
Our aim in the next two sections is to produce an analogue of Lemma 3.7.1 with
sheaves on X replaced by branes in T ∗X. In particular, we will be interested in a brane
version of the following specific example.
Example 3.7.2. Let S be a one-parameter family of stratifications of X. Suppose
further that S consists of three strata: a smooth submanifold
i : Y →֒ R×X,
its smooth boundary ∂Y = Y \Y →֒ R ×X, and their complement (R ×X) \Y. For
each s ∈ R, we will denote by
is : Ys = p
−1
R
(s) ∩Y →֒ X
the fiber of Y.
For a given stratification S of X, we will say that Y is an S-non-characteristic one-
parameter family of submanifolds with smooth boundaries if the corresponding three
stratum stratification S is S-non-characteristic.
If Y is an S-non-characteristic one-parameter family of submanifolds with smooth
boundaries, then for any test object P of ShS(X), there are functorial quasi-isomorphisms
among the complexes
homShc(X)(P, is∗CYs), for all s ∈ R.
3.7.2. Continuation of Floer calculations. Let L →֒ T ∗X be a tame exact Lagrangian
brane. Consider a time-dependent Hamiltonian function Hs : X × R → R such that
its differential dHs is compactly supported in X and R. Let ϕs : T
∗X → T ∗X be the
associated Hamiltonian flow. Acting on the initial brane L, we obtain a family of tame
exact Lagrangian branes Ls = ϕs(L) satisfying the following:
(1) L0 = L.
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(2) Near infinity in R, the family Ls is locally constant: there is a compact interval
[a, b] →֒ R such that for s ∈ R \ [a, b], the family Ls is locally constant.
(3) Near infinity in T ∗X, the family Ls is constant: there exists r > 0 such that
{|ξ| > r} ∩ Ls = {|ξ| > r} ∩ L0, for all s ∈ R.
The family Ls is the most general possible compactly supported motion of the exact
brane L. We will consider more general families in the next section.
The following is a straightforward generalization of by now standard techniques in
Floer theory. Namely, once we confirm the necessary a priori estimates on the possi-
ble diameters of pseudoholomorphic disks, continuation maps provide the sought after
natural transformations.
Proposition 3.7.3. For any test P of F (T ∗X), there are functorial quasi-isomorphisms
among the Floer complexes
homF (T ∗X)(P,Ls), for all s ∈ R.
Proof. Fix parameters a ≪ 0 ≪ b ∈ R. Following Seidel [33, Section 10c], given test
objects P1, . . . , Pd of F (T
∗X), we would like to define maps
Td : homF (T ∗X)(P1,La)⊗
(
d−1⊗
k=1
homF (T ∗X)(Pk+1, Pk)
)
→ homF (T ∗X)(Pd,Lb)[1− d]
assembling into an A∞-transformation of right Yoneda modules. For compact branes,
one immediately has the sought after maps: a signed count of pseudoholomorphic
disks with moving boundary conditions given by the family Ls, for s ∈ R, and static
conditions given by the test branes P1, . . . , Pd provides the structure constants of the
maps. Furthermore, the transformations satisfy a compatibility with respect to the
concatenation of families. In particular, the transformations are quasi-isomorphisms
since the constant family gives the identity functor.
In our current setting, to implement this approach, we need to be careful to make
sure the relevant moduli spaces remain compact. This is the content of the rest of the
proof of the proposition.
First, following [33], it is convenient to recast the moduli problem of pseudoholo-
morphic polygons with moving boundary conditions in terms of pseudoholomorphic
sections of varying almost complex targets over holomorphic polygons.
Given a non-negative integer d, consider the manifold with boundary Dd →֒ C ob-
tained from the closed unit disk D →֒ C by removing the (d+ 1)st roots of unity from
the boundary ∂D →֒ C. Thus the boundary ∂Dd →֒ Dd is a disjoint union of d + 1
cyclically ordered open intervals Ik indexed by k = 0, 1, . . . , d. We equip the interior
D◦d = Dd \ ∂Dd with the standard symplectic structure ωd obtained by restricting the
standard exact symplectic structure of C. (The interaction of ωd with the boundary
∂Dd will not play a significant role.) We will consider Dd together with ωd as a fixed
symplectic manifold with boundary.
Consider the product manifold Dd × T
∗X with the obvious projection onto the first
factor π : Dd × T
∗X → Dd. Identify the boundary component I0 →֒ ∂Dd with the real
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line R, and consider the embedded submanifold
Lmove = I0 ×Dd Ls →֒ Dd × T
∗X.
Similarly, given a collection of static test objects P1, . . . , Pd →֒ T
∗X, consider the
embedded submanifolds
Pk,stat = Ik × Pk →֒ Dd × T
∗X, for k = 1, . . . , d.
Consider a one-form κ on the base Dd with values in functions on the fiber T
∗X.
Given a vector field v on Dd, the evaluation κ(v) provides a family of functions on T
∗X
parametrized by Dd. By passing to the corresponding Hamiltonian vector fields, we
may think of κ as a section of the vector bundle Hom(TDd, π∗TT
∗X). In other words,
κ provides a connection ∇κ on the trivial family of symplectic manifolds defined by π.
Now, given the submanifold Lmove →֒ Dd × T
∗X, we will choose a compactly sup-
ported one-form κ so that Lmove is preserved by the parallel transport of the connection
∇κ. To this end, it is convenient to choose a collared neighborhood N0 →֒ Dd of the
boundary component I0 →֒ ∂Dd. Thus we have an identification N0 ≃ I0× [0, 1) which
we think of as being given by coordinates (s, t). Then it is straightforward to construct
a one-form κ as above satisfying the following:
(1) There is a compact subset of N0 × T
∗X outside of which κ vanishes.
(2) In local coordinates, κ can be expressed as f(s, t, x, ξ)ds, where (x, ξ) are local
coordinates on T ∗X.
(3) Along the boundary component I0, the submanifold Lmove is preserved by the
parallel transport of the connection ∇κ.
Next, let j be a compatible complex structure on the symplectic manifold Dd (for
a surface, any correctly oriented complex structure is compatible), and let Jcon be the
conical almost complex structure on T ∗X discussed in the previous section. Together
with κ, the two structures provide an almost complex structure Jκ on the family Dd ×
T ∗X such that the projection π is pseudoholomorphic. Namely, one takes
Jκ(v,w) = (j(v), Jcon(w) + Jcon(σκ(j(v))) + σκ(v))
where σκ ∈ Hom(TDd, π∗TT
∗X) is the section associated to κ. In what follows, we
will always consider Dd × T
∗X equipped with the almost complex structure Jκ. Note
that while we will think of κ and Jcon as fixed, we will allow the choice of j to vary.
The moduli problem of Jcon-holomorphic polygons in T
∗X with moving boundary
condition Ls and static boundary conditions P1, . . . , Pd, coincides with that of Jκ-
holomorphic sections of π with boundary conditions Lmove, P1,stat, . . . , Pd,stat. To get
bounds for solutions, we introduce a symplectic structure on Dd×T
∗X as follows. Let
θ be the canonical one-form on T ∗X, and consider the two-form
ωκ = dθ + dκ+ cωd
where c > 0 is some fixed constant. Using the explicit form of κ, it it simple to check
that we can choose c large enough so that ωκ will be non-degenerate. Furthermore, it is
simple to check that the complex structure Jκ is compatible with ωκ, and the boundary
conditions Lmove, P1,stat, . . . , Pd,stat are Lagrangian.
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With the preceding setup in hand, we are now in a context where we can appeal
to standard results to verify the proposition. By construction, all of the branes under
consideration are tame, and so we have a priori bounds on the diameters of the relevant
pesudoholomorphic disks. Thus standard techniques as outlined in [33, Section 10c]
provide continuation maps giving a functorial quasi-isomorphism. 
3.7.3. Non-characteristic isotopies of branes. In this section, we will consider more
general families of exact branes in T ∗X parametrized by the real line R.
By a one-parameter family of closed (but not necessarily compact) submanifolds
(without boundary) in T ∗X, we mean a closed submanifold
L →֒ R× T ∗X
satisfying the following:
(1) The restriction of the projection pR : R × X → R to the submanfold L is
nonsingular.
(2) There is a real number r > 0, such that the restriction of the product pR× |ξ| :
T ∗X → R× (r,∞) to the subset {|ξ| > r} ∩ L is proper and nonsingular.
(3) There is a compact interval [a, b] →֒ R such that the restriction of the projection
pX : R×T
∗X → T ∗X to the submanifold p−1
R
([R\ [a, b])∩L is locally constant.
Note that conditions (1) and (2) will be satisfied if the restriction of the projection
pR : R × T
∗
X → R to the closure L →֒ T
∗
X is nonsingular as a stratified map, but
the weaker condition stated is a useful generalization. It implies in particular that the
fibers Ls = p
−1
R
(s) ∩ L →֒ T ∗X are all diffeomorphic, but imposes no requirement that
their boundaries at infinity should all be homeomorphic as well.
By a one-parameter family of tame Lagrangian branes in T ∗X, we mean a one-
parameter family of closed submanifolds L →֒ R×X in the above sense such that the
fibers Ls = p
−1
R
(s) ∩ L →֒ T ∗X also satisfy:
(1) The fibers Ls are exact tame Lagrangians with respect to the usual symplectic
structure and any almost complex structure conical near infinity.
(2) The fibers Ls are equipped with a locally constant brane structure (Es, α˜s, ♭s)
with respect to the usual background classes.
Note that if we assume that L0 is an exact Lagrangian, then Ls being an exact
Lagrangian is equivalent to the family L being given by the flow ϕHs of the vector field
of a time-dependent Hamiltonian Hs : T
∗X → R. Note as well that a brane structure
consists of topological data, so can be transported unambiguously along the fibers of
such a family.
Remark 3.7.4. In fact, it is possible to prove continuation of Floer homology for even
more general families. A motivation for this level of generality is that it allows one to
check that all taming perturbations for a brane lead to equivalent calculations. See the
Appendix for a discussion in this direction.
Fix a conical Lagrangian Λ ⊂ T ∗X, and let Λ∞ = Λ ∩ T∞X be its boundary at
infinity. Let F (T ∗X)Λ be the full subcategory of F (T
∗X) generated by Lagrangian
branes L whose boundary at infinity L∞ = L ∩ T∞X lies in Λ∞.
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Suppose L →֒ R × T ∗X is a one-parameter family of tame Lagrangian branes. We
will say that L is Λ-non-characteristic if
Ls ∩ Λ
∞ = ∅, for all s ∈ R.
Proposition 3.7.5. Suppose L →֒ R × T ∗X is a Λ-non-characteristic one-parameter
family of tame Lagrangian branes. For any test object P of FΛ(T
∗X), there are func-
torial quasi-isomorphisms among the Floer complexes
homF (T ∗X)(P,Ls), for all s ∈ R.
Proof. Our strategy will be to “factor” the family L into many small steps which each
fall into a broad class of manageable moving boundary conditions. Over each step, we
will be able to establish quasi-isomorphisms of right Yoneda modules. To prove the
proposition, we will then take compositions of these quasi-isomorphisms.
To begin, since we assume that L is locally constant away from a compact inter-
val [a, b] →֒ R, it suffices to show that for each fixed parameter s0 ∈ R, there is a
neighborhood Is0 = [a0, b0] ⊂ R with a0 < s0 < b0, such that there are functorial
quasi-isomorphisms among the Floer complexes
homF (T ∗X)(P,Ls), for all s ∈ Is0.
Fix a parameter s0 ∈ R. Consider a finite number of A∞-operations among Ls0 and
a fixed collection of test objects P1, . . . , Pd of FΛ(T
∗X). Consider the moduli problem
of pseudoholomorphic disks that calculate the structure constants of the operations.
Recall that we have an a priori diameter bound on such pseudoholomorphic disks:
there is a large constant rs0 > 0 such that none of the relevant disks enter the region of
T ∗X given by |ξ| > rs0/2. Moreover, by the continuity of the diameter bound, we can
find an open interval Ks0 ⊂ R containing s0 such that the pseudoholomorphic disks
that calculate the same structure constants for Ls, for all s ∈ Ks0, do not enter the
region of T ∗X given by |ξ| > rs0.
Now for fixed constants r2 > r1 > r0 > rs0 , there exists a sufficiently small closed
subinterval Is0 = [a0, b0] ⊂ Ks0 , with a0 < s0 < b0, such that we can “factor” the
family L over the parameters Is0 into two families of the following form.
First, we can define a family L′ over Is0 satisfying the following. Let L
′ →֒ Is0×T
∗X
be the union of the moving brane L′ and the static branes Is0 ×P1, . . . , Is0 ×Pd. Then
by construction, we can arrange that
(1) L′a0 = La0 ;
(2) L′ is constant in the region |ξ| < r1;
(3) L′ coincides with L in the region |ξ| > r2;
(4) in the region |ξ| > r0, the product function
p× |ξ| : L′ → R× (r0,∞)
is nonsingular.
Second, we can define a family L′′ over Is0 satisfying the following
(1) L′′a0 = L
′
b0
;
(2) L′′ is constant in the region |ξ| > r2;
(3) L′′ coincides with L in the region |ξ| < r1;
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(4) L′′b0 = Lb0.
It is worth commenting that our choice to work locally near a fixed parameter s0 is
due to the fact that it is easy to find such a factorization locally in s.
Now if we can establish individually that the Yoneda modules associated to the fibers
of such families L′,L′′ are quasi-isomorphic, then it will follow by composition that the
Yoneda modules associated to the fibers of the family L itself over the interval Is0 are
quasi-isomorphic.
Case 1 (L′ constant away from infinity). The first case is particularly easy in that there
is in fact a strict identification of the A∞-operations under consideration. By construc-
tion, for the parameter s0 ∈ R, we have arranged so that the pseudoholomorphic disks
that calculate the corresponding structure constants do not leave the the region |ξ| < r1.
Furthermore, we have arranged so that for any s ∈ Is0, the intersection of Ls and the
region |ξ| < r1 is constant, and in particular, the diameter bound constraining the
relevant disks holds independently of s. Thus the identity map on intersection points
gives an identification of the A∞-operations.
Case 2 (L′′ constant near infinity). With the assumptions of the second case, we
must check that a compactly supported family leads to a quasi-isomorphism of Yoneda
modules. This was the content of Proposition 3.7.3. 
A further generalization of Proposition 3.7.5 will be presented in the Appendix. For
now, we will simply mention the single application of Proposition 3.7.5 that will be
used in what follows.
Example 3.7.6. Fix a Whitney stratification S = {Sα} of X, and let ΛS = ∪αT
∗
Sα
X →֒
T ∗X be the associated conical Lagrangian. Let Y →֒ R×X be an S-non-characteristic
one-parameter family of submanifolds with smooth boundaries in X.
Fix a non-negative function m : R×X → R that vanishes precisely on the boundary
∂Y →֒ R × X, and consider the function f : Y → R given by f = logm. For each
s ∈ R, consider the function fs : Ys → R obtained by restricting f to the fiber Ys =
p−1
R
(s) →֒ X.
Define the one-parameter family of closed submanifolds LY,f∗ →֒ R× T
∗X to be the
union of the fiberwise sums
LY,f∗ =
⊔
s∈R
(s, T ∗YsX + Γdfs) →֒ R× T
∗X
where T ∗YsX denotes the conormal bundle to Ys →֒ X, and Γdfs the graph of the differ-
ential of fs over Ys.
By construction, LY,f∗ is a ΛS-non-characteristic one-parameter family of tame La-
grangian branes. Thus by Proposition 3.7.5, for any object P of FΛS (T
∗X), there are
functorial quasi-isomorphisms among the Floer complexes
homF (T ∗X)(P,LYs,fs∗), for all s ∈ R.
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4. Microlocalization is a quasi-equivalence
In this section, we prove that the constructible dg derived category Shc(X) is quasi-
equivalent to the derived Fukaya category F (T ∗X). We show that every object of
F (T ∗X) is quasi-isomorphic to the microlocalization of an object of Shc(X).
4.1. Statement of results. Consider the microlocalization quasi-embedding
µX : Shc(X)


// F (T ∗X).
By definition, the fact that it is a quasi-embedding means that it induces a fully faithful
functor on cohomology categories
H(µX) : Dc(X)


// DF (T ∗X).
Thus to show that µX is a quasi-equivalence, we must show that H(µX) is essentially
surjective, or in other words, that every object of DF (T ∗X) is isomorphic to an object
coming from Dc(X).
By construction, the image of µX is generated by the standard branes LY ∗ →֒ T
∗X
associated to submanifolds Y →֒ X. Recall the Yoneda embedding into right modules
Yr : F (T
∗X)→ modr(F (T
∗X)) Yr(L) : L
′ 7→ homF (T ∗X)(L
′, L).
The main technical result of this section is the folllowing.
Theorem 4.1.1. Let L be an object of F (T ∗X). The Yoneda module Yr(L) can be
expressed as a twisted complex of the Yoneda modules of standard branes Yr(LY ∗).
Remark 4.1.2. Along the way, we will also directly establish the (weaker) statement
that if homF (T ∗X)(L{x}, L) is acyclic for the standard branes L{x} →֒ T
∗X associated
to all points x ∈ X, then homF (T ∗X)(P,L) is acyclic for all test objects P .
Complexes of the form homF (T ∗X)(L{x}, L) will appear as the coefficients of the mod-
ules Yr(LY ∗) in the decomposition of the module Yr(L). See Remark 4.5.1 for a more
precise statement on the structure of the coefficients.
Theorem 4.1.1 immediately implies the following.
Theorem 4.1.3. Microlocalization is a quasi-equivalence
µX : Shc(X)
∼
// F (T ∗X)
The next four sections are devoted to the proof of Theorem 4.1.1. In the final section,
we discuss constructibility properties of the quasi-equivalence.
4.2. Two Floer calculations. Let X0,X1 be compact real analytic manifolds.
We consider here the product manifold X0 × X1, and the Fukaya category of its
cotangent bundle T ∗(X0 × X1) with respect to the usual background structures (cf.
Section 3.2 or [28]). Our aim is to identify the Yoneda modules associated to some
simple but important examples of branes on the product.
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4.2.1. Product branes. Consider the product map on the set of branes
Ob(F (T ∗X0))×Ob(F (T
∗X1))→ Ob(F (T
∗X0 × T
∗X1))
((L0, E0, α˜0, ♭0), (L1, E1, α˜1, ♭1)) 7→ (L0 × L1, E0 ⊗ E1, α˜0 + α˜1, ♭0,1).
Here ♭0,1 denotes the canonical induced relative pin structure on L0 × L1 with respect
to the usual background class
(π0 × π1)
∗w2(X0 ×X1) = π
∗
0w2(X0) + π
∗
0w1(X0) · π
∗
1w1(X1) + π
∗
1w2(X1).
To construct ♭0,1, observe that the relative pin structures ♭0, ♭1 with respect to the usual
background classes π∗0w2(X0), π
∗
1w2(X1) respectively together provide a twisted lift of
TL0 × TL1 to the pin group with respect to the background class
π∗0w2(X0) + w1(L0) · w1(L1) + π
∗
1w2(X1).
By assumption, the Maslov classes of L0, L1 vanish, and so w1(L0), w1(L1) are the
restrictions of π∗0w1(X0), π
∗
1w1(X1) respectively.
We use the term product branes to refer to objects of F (T ∗X0 × T
∗X1) that arise
via the preceding construction. When there is no chance of confusion, we will denote a
product brane by the product of the underlying Lagrangians.
Lemma 4.2.1. For any test objects L0, P0 of F (T
∗X0), and L1, P1 of F (T
∗X1), there
is a functorial (in each object) quasi-isomorphism of Floer complexes
homF (T ∗X0×T ∗X1)(L0 × L1, P0 × P1) ≃ homF (T ∗X0)(L0, P0)⊗ homF (T ∗X1)(L1, P1).
Proof. One can choose all further necessary structures such as perturbations to be a
product of the corresponding structures on the factors. In this way, one obtains in fact
a strict isomorphism of complexes. 
4.2.2. Diagonal brane. Consider the smooth, closed submanifold given by the diagonal
∆X ⊂ X ×X, and let C∆X denote the constant sheaf along ∆X .
Let L∆X be the standard object of F (T
∗X×T ∗X) obtained as the microlocalization
L∆X ≃ µX×X(C∆X ).
We will refer to L∆X as the diagonal brane though its underlying Lagrangian is the
conormal bundle
T ∗∆X (X ×X) = {(x, ξ;x,−ξ) ∈ T
∗X × T ∗X}
(so strictly speaking, not truly the diagonal – the true diagonal is not Lagrangian). Its
flat vector bundle is the pullback of the normal orientation bundle orX×X ⊗ or
−1
∆X
.
Proposition 4.2.2. For any test objects P0, P1 of F (T
∗X), there is a functorial quasi-
isomorphism of Floer complexes
homF (T ∗X)(P1, P0) ≃ homF (T ∗X×T ∗X)(L∆X , P0 × αX(P1)).
Proof. Consider the intersection points and pseudoholomorphic disks involved in cal-
culating the right hand side as a function of the branes P0, P1. Observe that to make
any calculation involved, we can fix the brane L∆X and work with perturbations that
only move the other branes.
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Now apply the product id × a1 of the identity map id of the first factor and the
antipodal map of the second factor
a1 : T
∗X
∼
→ T ∗X a1(x1, ξ1) = (x1,−ξ1)
to the objects under consideration. Observe that id×a1 takes the conormal Lagrangian
T ∗∆X (X ×X) to the diagonal submanifold ∆T ∗X , the Lagrangian P0 to itself, and the
dualized Lagrangian αX(P1) back to P1.
Standard gluing arguments imply that id × a1 takes a pseudoholomorphic map
(u0, u1) : D → T
∗X × T ∗X
with a L∆X -labelled boundary component
(u0, u1)|C : C → L∆X
to a pseudoholomorphic map
u0 ∪ a1(u1) : D ∪C D → T
∗X
where D denotes the conjugate disk, and D ∪C D the gluing of D, D along C.
Tracing through brane structures, we see that the above identification of moduli
spaces provides the sought-after functorial quasi-isomorphism
homF (T ∗X)(L∆X , P0 × αX(P1)) ≃ homF (T ∗X)(P1, P0)
Note that the appearance of the orientation bundle orX on the dualized brane αX(P1)
matches up with the appearance of the normal orientation bundle orX×X ⊗ or
−1
∆X
on
the standard brane L∆X . 
4.3. Triangulation of diagonal. We explain here how the choice of a triangulation
of X allows us to express the diagonal brane L∆X in terms of costandard branes. The
primary content of the section is in developing notation and collecting preliminaries for
the arguments of subsequent sections.
Fix a triangulation T = {τα} of X, and consider the T -constructible dg derived cat-
egory ShT (X). Consider the inclusions ja : τa →֒ X, and the corresponding standard
sheaves ja∗Cτα . By Lemma 2.3.1, we can express any object of ShT (X), and in partic-
ular the constant sheaf CX , as an iterated cone of maps among the standard sheaves
ja∗Cτa .
Identify X with the diagonal ∆X ⊂ X ×X (via either projection), and consider the
induced triangulation ∆T = {∆τa} of ∆X . Consider the inclusions dα : ∆τa →֒ ∆X ,
and the corresponding standard sheaves da∗C∆τa . Again, by Lemma 2.3.1, we can
express the constant sheaf C∆X as an iterated cone of maps among the standard sheaves
da∗C∆τa .
Next, recall that the diagonal brane L∆X is the standard object of F (T
∗X × T ∗X)
obtained as the microlocalization
L∆X ≃ µX×X(C∆X ).
By construction, its underlying Lagrangian is the conormal bundle T ∗∆X (X ×X).
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For each simplex of T consider the standard object L∆τa ∗ of F (T
∗X×T ∗X) obtained
as the microlocalization
L∆τa ∗ ≃ µX×X(dα!C∆τa ).
By construction, we can take its underlying Lagrangian to be in the following form. Fix
a non-negative function ma : X → R that vanishes precisely on the boundary ∂τa ⊂ X,
and consider the function fa : τa → R given by the logarithm fa = logma. Then the
underlying Lagrangian of L∆τa ! can be identified with the fiberwise sum
T ∗∆τa (X ×X) + Γp∗2dfa ⊂ T
∗(X ×X),
where Γp∗2dfa denotes the graph of the pullback p
∗
2dfa via projection to the second factor
p2 : X ×X → X.
Since we can express the constant sheaf C∆X as a twisted complex of standard sheaves
da∗C∆τa , we can express the brane L∆X as a twisted complex of standard branes L∆τa ∗.
It will be convenient to have a slightly modified version of the preceding as recorded in
the following.
Lemma 4.3.1. The dual brane αX(L∆X ) can be expressed as a twisted complex of the
standard branes L∆τa ∗.
Proof. Tracing through the definitions, we have the elementary identity αX(L∆X ) =
µX(DX(C∆X )). Thus we can repeat the preceding discussion replacing the constant
sheaf C∆X by its Verdier dual DX(C∆X ). 
4.4. Moving the diagonal. We continue with the notations of the preceding section.
Fix a point xa ∈ τa, and consider the standard sheaf C{xa} × ja∗Cτa as an object of
Shc(X ×X).
Consider the standard object L{xa}×τa∗ of F (T
∗X × T ∗X) obtained as the microlo-
calization
L{xa}×τa∗ ≃ µX×X(C{xa} × ja∗Cτa ).
By construction, we can take its underlying Lagrangian to be the fiberwise sum
T ∗{xa}×τa (X ×X) + Γp∗2dfa .
Observe that L{xa}×τa∗ is the external product
L{xa}×τa∗ ≃ L{xa}! × Lτa∗
of the factors
L{xa} ≃ µX(C{xa}) Lτa∗ ≃ µX(ja∗Cτa ).
Consider the conical Lagrangian ΛT ⊂ T
∗X given by the union of the conormal
bundles of the simplices of the triangulation
ΛT =
⊔
a
T ∗τaX.
We will use the results of Section 3.7 to verify the following.
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Proposition 4.4.1. For any test objects P0, P1 of F (T
∗X), with P∞0 ⊂ Λ
∞
T , there is
a functorial quasi-isomorphism of complexes
homF (T ∗X×T ∗X)(P0 × P1, L∆τa ∗) ≃ homF (T ∗X)(P0, L{xa})⊗ homF (T ∗X)(P1, Lτa∗).
Proof. Since τa is contractible, we can find a smooth deformation retract
ψt : τa → τa ψ0 = idτa ψ1(τa) = xa.
Using ψt, we define the family of submanifolds
τa,t = {(x0, x1) ∈ X ×X|x1 ∈ τa, x0 = ψt(x1)}
satisfying the obvious identifications
τa,0 = ∆τa τa,1 = {xa} × τa.
Consider the inclusion da,t : τa,t →֒ X × X, the corresponding standard sheaf
da,t∗(Cτa ,t), and its microlocalization
Lτa,t∗ = µX×X(da,t∗(Cτa ,t)).
By construction, we can take its underlying Lagrangian to be the fiberwise sum
T ∗τa,t(X ×X) ∗ Γp∗2dfa .
We have the obvious identifications
Lτa ,0∗ = L∆τa ∗ Lτa ,1∗ = L{xa}×τa∗ = L{xa} × Lτa∗.
Now fix test objects P0, P1 of F (T
∗X), with P∞0 ⊂ Λ
∞
T , and let Λ ⊂ T
∗X be a conical
Lagrangian with P∞1 ⊂ Λ
∞. We would like to show the family of Floer complexes
homF (T ∗X×T ∗X)(P0 × P1, L∆τa,t∗)
has constant cohomology with respect to t. Choose a small η > 0, and consider the
submanifold τa,η = {x ∈ τa|ma(x) > η}, and the family of submanifolds
τa,η,t = {(x0, x1) ∈ X ×X|x1 ∈ τa,η, x0 = ψt(x1)}.
Consider the inclusion da,η,t : τa,η,t →֒ X × X, the corresponding costandard sheaf
da,η,t!(Cτa ,η,t), and its microlocalization
Lτa ,η,t∗ = µX×X(da,η,t∗(Cτa ,η,t)).
By construction, we can take its underlying Lagrangian to be the fiberwise sum
T ∗∆τa (X ×X) + Γp∗2dfa,η
where fa,η : τa,η → R is the function given by the logarithm fa,η = log(ma− η). Then
for sufficiently small η > 0, and all t, we have a quasi-isomorphism
homF (T ∗X×T ∗X)(P0 × P1, L∆τa,t∗) ≃ homF (T ∗X×T ∗X)(P0 × P1, L∆Ta,η,t∗).
Finally, by construction, the family of branes Lτa ,η,t∗ is non-characteristic with re-
spect to the product conical Lagrangian ΛT × Λ. Thus by Proposition 3.7.5 (see in
particular Example 3.7.6), the family of complexes
homF (T ∗X×T ∗X)(P0 × P1, L∆Ta,η,t∗)
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has constant cohomology. Furthermore, at t = 0, the family calculates the left hand side
of the proposition, and at t = 1, it calculates the right hand side (cf. Lemma 4.2.1). 
4.5. Proof of Theorem 4.1.1. Now let us wrap up the proof of Theorem 4.1.1. We
continue with the notation of the preceding sections.
Fix once and for all an object L of F (T ∗X). Our aim is to show that for any test
object P of F (T ∗X), we can functorially express the Floer complex homF (T ∗X)(P,L)
as a twisted complex of the Floer complexes homF (T ∗X)(P,LY ∗) of standard branes
LY ∗ →֒ T
∗X associated to submanifolds Y →֒ X.
First, by Proposition 4.2.2, there is a functorial quasi-isomorphism of Floer complexes
homF (T ∗X)(P,L) ≃ homF (T ∗X×T ∗X)(L∆X , L× αX(P )).
It will be convenient to rewrite the preceding in a slightly modified form. Since the
brane duality αX is an anti-equivalence, we have a functorial quasi-isomorphism
homF (T ∗X)(P,L) ≃ homF (T ∗X×T ∗X)(αX(L)× P,αX(L∆X )).
Next, fix a triangulation T = {τα} of X along with the induced triangulation ∆T =
{∆τα} of ∆X ⊂ X×X. By Lemma 4.3.1, we can express αX(L∆X ) as a twisted complex
of the standard branes L∆τa∗.
Suppose further that T is chosen fine enough so that L∞ ⊂ Λ∞T . Then by Proposi-
tion 4.4.1, there is a functorial quasi-isomorphism of complexes
homF (T ∗X×T ∗X)(αX(L)×P,L∆τa ∗) ≃ homF (T ∗X)(αX(L), L{xa})⊗homF (T ∗X)(P,Lτa∗).
Putting together the preceding identifications, we have functorially expressed the
Floer complex homF (T ∗X)(P,L) as a twisted complex with terms the Floer complexes
homF (T ∗X)(αX(P ), Lτa∗). This completes the proof of Theorem 4.1.1. 
Remark 4.5.1. In the expression of the brane L as a twisted complex of the standard
branes Lτa∗, the coefficients appearing are the functionals
homF (T ∗X)(αX(L), L{xa}) ≃ homF (T ∗X)(L{xa}, L).
Although we will not use it, the proof of Theorem 4.1.1 leads to the following precise
form of L as a twisted complex. First, we can identify the coefficients homF (T ∗X)(L{xa}, L)
with the shifted Floer complexes homF (T ∗X)(Lτa !, L). Next, the triangulation provides
the structure of dual cell complexes on the collection of standard branes Lτα∗ and costan-
dard branes Lτa ! associated to the simplices τa. Finally, this induces the structure of a
twisted complex on the branes homF (T ∗X)(Lτa !, L)⊗Lτa∗ appearing in the decomposition
of L.
4.6. From branes to sheaves. Since microlocalization is a quasi-equivalence
µX : Shc(X)
∼
// F (T ∗X),
the corresponding pullback of right A∞-modules is also a quasi-equivalence
µ∗X : modr(F (T
∗X))
∼
// modr(Shc(X)).
In particular, given an object L of F (T ∗X), we can take its Yoneda module Yr(L), and
ask what object F of Shc(X) quasi-represents µ
∗
XYr(L).
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Here is an informal way to think about an object F that quasi-represents µ∗XYr(L).
Given an open submanifold i : U →֒ X, we have quasi-isomorphisms of complexes
F(U) ≃ homShc(X)(i!CU ,F) ≃ homF (T ∗X)(LU ! ⊗ orX [− dimX], L).
The first quasi-isomorphism is by adjunction, and the second is by the fact that F quasi-
represents µ∗XYr(L). Here we have taken LU ! ⊗ orX [− dimX] since ωX ≃ orX [dimX].
Similarly, given an inclusion of open submanifolds i10 : U0 →֒ U1, we have a diagram
that commutes at the level of cohomology
F(U1)
≀

ρ10
// F(U0)
≀

homF (T ∗X)(LU1! ⊗ or
∨
X [− dimX], L)
ι10
// homF (T ∗X)(LU0! ⊗ or
∨
X [− dimX], L).
Here ρ10 denotes the sheaf restriction map, and ι
1
0 denotes the map induced by the
canonical degree zero morphism in the complex
homF (T ∗X)(LU0!, LU1!) ≃ homShc(X)(i0!CU0, i1!CU1) ≃ (Ω(U0), d).
Finally, we record the following consequence of the proof of Theorem 4.1.1. Fix a
conical Lagrangian Λ →֒ T ∗X, and let F (T ∗X)Λ be the full subcategory of F (T
∗X) of
twisted complexes of Lagrangian branes L such that L∞ ⊂ Λ∞.
Proposition 4.6.1. Given an object L of F (T ∗X)Λ, consider its Yoneda module Yr(L),
and an object F of Shc(X) that quasi-represents the pullback µ
∗
XYr(L).
Then for any stratification S = {Sα} of X such that Λ ⊂ ΛS = ∪αT
∗
Sα
X, the object
F lies in ShS(X).
Proof. In the proof of Theorem 4.1.1, we showed that L can be expressed as a twisted
complex of the standard branes Lτb∗, for any triangulation T = {τb} refining S. In
other words, F can be expressed as a twisted complex of the standard sheaves jb∗Cτb .
In fact, in place of the triangulation T , we can take any disjoint cell decomposition
C = {cb} of X refining S in the sense that each cell jb : cb →֒ X lies in some stratum Sα.
To see this level of generality, observe that all we need for the proof of Theorem 4.1.1
is that the dualizing complex ωX = DX(CX) can be expressed as a twisted complex
of the standard sheaves jb∗Ccb , and that each cell cb can be deformation contracted
within the stratum Sα containing cb to a point xb ∈ cb.
Thus F can be expressed as a twisted complex of the standard sheaves jb∗Ccb on
the cells of any such cell decomposition C = {cb}. The proposition now follows from
Lemma 4.6.2 immediately below. 
Lemma 4.6.2. Let F be an object of Shc(X). Suppose that for any cell decomposition
C = {cb} of X refining the stratification S = {Sα}, we can express F as a twisted
complex of the standard sheaves jb∗Ccb on the cells. Then F is S-constructible.
Proof. Fix any point p ∈ X, and let Sα be the stratum of S containing p. Choose an
open ball Bα,p ⊂ Sα containing p, and a normal slice Nα,p ⊂ X to Sα at p. We will
consider Bα,p as a smooth manifold, and equip Nα,p with the stratification induced by
restricting S.
MICROLOCAL BRANES ARE CONSTRUCTIBLE SHEAVES 41
By the Thom Isotopy Lemma, there is a stratum preserving homeomorphism from
the product Bα,p ×Nα,p, equipped with the product stratification, to a neighborhood
Up ⊂ X of the point p, with the stratification induced by restricting S. Furthermore,
the restriction of the homeomorphism to each stratum is a diffeomorphism.
Choose any triangulation TNα,p of the normal slice Nα,p refining the stratification
induced by S. Consider the induced product stratification of the neighborhood Up ≃
Bα,p ×Nα,p. Extend this to any cell decomposition C = {cb} of all of X by cutting up
the complement X \ Up into cells.
By construction, the restriction of the standard sheaf jb∗Ccb of any cell cb of C to
the cell Bα,p is constant. Hence by assumption, the restriction of F to the cell Bα,p is
constant as well. Thus the restriction of F to the stratum Sα is locally constant. 
5. Functoriality
Now that we have established that microlocalization is a quasi-equivalence
µX : Shc(X)
∼
// F (T ∗X),
we can collect some formal consequences for future applications.
5.1. Duality revisited. Recall the brane duality equivalence
αX : F (T
∗X)◦
∼
→ F (T ∗X)
introduced in Section 3.4. Our aim in this section is to confirm that microlocalization
µX intertwines brane duality with Verdier duality
DX : Shc(X)
◦ ∼→ Shc(X).
For a submanifold iY : Y →֒ X, Verdier duality exchanges the associated standard
and costandard objects
iY ∗CY ≃ D(iY !ωY ).
Likewise, by construction, brane duality exchanges the associated standard and costan-
dard branes
αX(LY ∗) ≃ LY !.
Proposition 5.1.1. There is a quasi-isomorphism
µX ◦ DX ≃ αX ◦ µX : Shc(X)
◦ → F (T ∗X).
Proof. By Proposition 3.6.1, for any open submanifold iU : U →֒ X, there is a quasi-
isomorphism of left Shc(X)-modules
µ∗X(Yℓ(LU !)) ≃ Yℓ(iU !ωU ) : Shc(X)→ Ch.
In other words, for any test object F of Shc(X), there is a functorial quasi-isomorphism
homF (T ∗X)(LU !, µX(F)) ≃ homShc(X)(iU !ωU ,F)
Since microlocalization µX is a quasi-embedding, there is a functorial quasi-isomorphism
homShc(X)(iU !ωU ,F) ≃ homF (T ∗X)(µX(iU !ωU), µX(F)).
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Finally, since µX is a quasi-equivalence (so objects of the form µX(F) generate F (T
∗X)),
and the Yoneda functor Yℓ is a quasi-embedding, there is an isomorphism
µX(iU !ωU) ≃ LU !.
We conclude that there are isomorphisms
µX(DX(iU∗CU)) ≃ µX(iU !ωU) ≃ LU ! ≃ αX(LU∗) ≃ αX(µX(iU∗CU )).
By Lemma 2.3.3, standard objects iU∗CU generate Shc(X), and so we have the asserted
quasi-isomorphism of functors. 
5.2. Integral transforms for sheaves. In this and the following section, we describe
standard functors for sheaves and branes. At this stage, their compatibility is com-
pletely formal: it depends only on the fact that microlocalization is a quasi-equivalence
intertwining Verdier duality with brane duality.
Given two real analytic manifolds X0,X1, consider the standard projections
p0 : X0 ×X1 → X0 p1 : X0 ×X1 → X1.
Following [17, Section 3.6], for an object K of Shc(X0 × X1), we have the integral
transforms
Φ∗K : Shc(X1)→ Shc(X0) ΦK∗ : Shc(X0)→ Shc(X1)
Φ∗K(F) = p0!(K ⊗ p
∗
1(F)) ΦK∗(F) = p1∗(Hom(K, p
!
0(F)))
Similarly, reversing the roles of X0 and X1, we have the integral transforms
ΦK! : Shc(X0)→ Shc(X1) Φ
!
K : Shc(X1)→ Shc(X0)
ΦK!(F) = p1!(K ⊗ p
∗
0(F))) Φ
!
K(F) = p0∗(Hom(K, p
!
1(F)))
Standard identities imply the following: (1) (Φ∗K,ΦK∗) and (ΦK!,Φ
!
K) are each adjoint
pairs. (2) The construction is functorial in K in the sense that we have functionals
Φ∗ ≃ Φ∗ : Shc(X0)⊗ Shc(X0 ×X1)
◦ ⊗ Shc(X1)
◦ → Ch
(F1,K,F0) 7→ homShc(X0)(Φ
∗
K(F1),F0) ≃ homShc(X1)(F1,ΦK∗(F0))
Φ! ≃ Φ
! : Shc(X0)
◦ ⊗ Shc(X0 ×X1)
◦ ⊗ Shc(X1)→ Ch
(F0,K,F1) 7→ homShc(X1)(ΦK!(F0),F1) ≃ homShc(X0)(F0,Φ
!
K(F1))
(3) We have quasi-isomorphisms of functors
Φ∗K ≃ DX0 ◦ Φ
!
K ◦ DX1 ΦK∗ ≃ DX1 ◦ΦK! ◦ DX0
ΦK! ≃ DX1 ◦ΦK∗ ◦ DX0 Φ
!
K ≃ DX0 ◦ Φ
∗
K ◦ DX1
Example 5.2.1. Our notation is motivated by the following example. Fix a C-map
f : X0 → X1, consider the graph
Γf = {(x0, x1) ∈ X0 ×X1|x1 = f(x0)},
and let CΓf denote the constant sheaf along Γf. Then we have canonical identifications
of functors
(f∗, f∗) ≃ (Φ
∗
CΓf
,ΦCΓf∗) (f!, f
!) ≃ (ΦCΓf !,Φ
!
CΓf
)
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5.3. Integral transforms for branes. We discuss here the analogous integral trans-
forms associated to objects of F (T ∗X0 × T
∗X1).
For any object L of F (T ∗X0 × T
∗X1), we have functors
Ψ˜∗L : F (T
∗X1)→ modℓ(F (T
∗X0))
◦
Ψ˜∗L(P1) : P0 7→ homF (T ∗X0×T ∗X1)(L,P0 × αX1(P1))
Ψ˜L∗ : F (T
∗X0)→ modr(F (T
∗X1))
Ψ˜L∗(P0) : P1 7→ homF (T ∗X0×T ∗X1)(L,P0 × αX1(P1))
Ψ˜L! : F (T
∗X0)→ modℓ(F (T
∗X1))
◦
Ψ˜L!(P0) : P1 7→ homF (T ∗X0×T ∗X1)(L,αX0(P0)× P1)
Ψ˜!L : F (T
∗X1)→ modr(F (T
∗X0))
Ψ˜!L(P1) : P0 7→ homF (T ∗X0×T ∗X1)(L,αX0(P0)× P1)
Note that the constructions are functorial in L in the contravariant sense.
Proposition 5.3.1. Consider an object K of Shc(X0 ×X1), and its microlocalization
L = µX0×X1(K). Then there are functorial quasi-isomorphisms
Yℓ ◦ µX0 ◦ Φ
∗
K ≃ Ψ˜
∗
L ◦ µX1 Yr ◦ µX1 ◦ ΦK∗ ≃ Ψ˜L∗ ◦ µX0
Yℓ ◦ µX1 ◦ΦK! ≃ Ψ˜L! ◦ µX0 Yr ◦ µX0 ◦ Φ
!
K ≃ Ψ˜
!
L ◦ µX1
Proof. We establish the second quasi-isomorphism (the case of the usual pushforward);
the arguments for the others are similar. It suffices to consider test objects L0 of
F (T ∗X0) and L1 of F (T
∗X1) of the form L0 = µX1(F0) and L1 = µX1(F1), and to
establish a functorial quasi-isomorphism
homShc(X0×X1)(F1, p1∗(Hom(K, p
!
0(F)))) ≃ homF (T ∗X0×T ∗X1)(L,L0 × αX1(L1)).
By standard identities, this is nothing more than a functorial quasi-isomorphism
homShc(X0×X1)(K, p
∗
0(F0)⊗ p
∗
1(DX1(F1))) ≃ homF (T ∗X0×T ∗X1)(L,L0 × αX1(L1)).
Now the assertion follows immediately from Proposition 5.1.1. 
We see from the proposition that the modules arising from the functors Ψ˜∗L, Ψ˜L∗,
Ψ˜L!, Ψ˜
!
L are representable. Namely, for L ≃ µX0×X1(K), we can take the representing
functors to be the compositions
Ψ∗L = µX0 ◦Φ
∗
K ◦ πX1 ΨL∗ = µX1 ◦ΦK∗ ◦ πX0
ΨL! = µX1 ◦ ΦK! ◦ πX0 Ψ
!
L = µX0 ◦ Φ
!
K ◦ πX1
Their basic properties are immediate from the definitions: (1) (Ψ∗L,ΨL∗) and (ΨL!,Ψ
!
L)
are each adjoint pairs. (2) The construction is functorial in L in the sense that we have
functors
Φ∗ ≃ Φ∗ : F (T
∗X0 × T
∗X1)→ funA∞(F (T
∗X0),modr(F (T
∗X1))
Ψ! ≃ Ψ
! : F (T ∗X0 × T
∗X1)→ funA∞(F (T
∗X1),modr(F (T
∗X0))
where funA∞ denotes the A∞-category of A∞-functors. (We have written the functors in
this form rather than as functionals since the notion of internal hom for A∞-categories is
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straightforward, while that of tensor product is more delicate.) (3) There are functorial
quasi-isomorphisms
Ψ∗L ≃ αX0 ◦Ψ
!
L ◦ αX1 ΨL∗ ≃ αX1 ◦ΨL! ◦ αX0
ΨL! ≃ αX1 ◦ΨL∗ ◦ αX0 Ψ
!
L ≃ αX0 ◦Ψ
∗
L ◦ αX1
intertwining the functors with brane duality.
Example 5.3.2. Let f : X0 → X1 be a C-map. Consider the graph
Γf = {(x0, x1) ∈ X0 ×X1|x1 = f(x0)},
and let CΓf denote the constant sheaf along Γf.
Let Lf be the standard object of F (T
∗X0 × T
∗X1) obtained as the microlocalization
Lf ≃ µX0×X1(CΓf).
By construction, when f is smooth, we can take the Lagrangian underlying Lf to be the
conormal bundle T ∗Γf(X0 ×X1).
Applying the above constructions, we obtain functors Ψ∗Lf ,ΨLf∗,ΨLf !,Ψ
!
Lf
.
Corollary 5.3.3. For any C-map f : X0 → X1, there are quasi-isomorphisms
Ψ∗Lf ◦ µX1 ≃ µX0 ◦ f
∗ ΨLf∗ ◦ µX0 ≃ µX1 ◦ f∗
ΨLf! ◦ µX0 ≃ µX1 ◦ f! Ψ
!
Lf
◦ µX1 ≃ µX0 ◦ f
!
5.4. Correspondence interpretation. In this informal section, we sketch how the in-
tegral transforms of the preceding sections are related to the beautiful theory of quilted
Riemann surfaces and generalized branes mathematically developed by Wehrheim-
Woodward [39] (and pioneered from a physical perspective by Khovanov-Rozansky [25]
under the name world-sheet foam). We do not use the discussion of this section and
include it for the interested reader already familiar with the constructions of [39].
In what follows, we assume that all of our manifolds are orientable, so that their
cotangent bundles are spin. The main reason for imposing this condition will be that
for a product T ∗X0 × T
∗X1, the canonical background class will then be the product
of the canonical background classes
(π0 × π1)
∗w2(X0 ×X1) = π
∗
0w2(X0) + π
∗
1w2(X1).
5.4.1. Generalized branes. By a generalized Lagrangian submanifold of T ∗X, we mean
a sequence of compact real analytic manifolds pt = X−m, X−m+1, . . . ,X−1,X0 = X, for
some m > 0, and a sequence of Lagrangian submanifolds L = (L(−m,−m+1), . . . , L(−1,0))
in the successive products
L(−k,−k+1) ⊂ (T
∗X−k)
− × T ∗X−k+1, for k = 1, . . . ,m.
As usual, to control the behavior of L(−k,−k+1) near infinity, we require that its closure
in the product compactification is a C-subset, and that there is a perturbation to a
tame Lagrangian.
A brane structure on a generalized Lagrangian submanifold L consists of a sequence
E = (E(−m,−m+1), . . . , E(−1,0)) of flat vector bundles
E(−k,−k+1) → L(−k,−k+1), for k = 1, . . . ,m.
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and a sequence of gradings and relative pin structures. For simplicity, we will take the
gradings and relative pin structures to be defined with respect to the canonical product
bicanonical trivializations and background forms respectively.
5.4.2. Composition of correspondences. Following Wehrheim-Woodward [39], there is a
triangulated category DF#(T ∗X) whose objects are twisted complexes of generalized
Lagrangian branes. Work in progress of Mau-Wehrheim-Woodward [27] will provide
an A∞-enhancement of this story but we content ourselves here with discussing things
at the cohomological level.
A primary motivation for introducing generalized Lagrangian branes is that Lagrang-
ian correspondences act on them: there is a triangulated functor
DF#(T ∗X0)⊗DF ((T
∗X0)
− × T ∗X1)→ DF
#(T ∗X1)
given on objects by concatenation
(L = (L(−m,−m+1), . . . , L(−1,0)), L(0,1)) 7→ L#L(0,1) = (L(−m,−m+1), . . . , L(−1,0), L(0,1)).
The structure of the categories DF#(T ∗X0),DF
#(T ∗X1) and the composition func-
tor are given by counting quilted Riemann surfaces. In particular, there is a Floer
functional to chain complexes
DF#(T ∗X0)
◦ ⊗DF ((T ∗X0)
− ⊗ T ∗X1)
◦ ⊗DF#(T ∗X1)→ D(Ch)
(L0, L(0,1), L1) 7→ homDF#(T ∗X1)(L0#L(0,1), L1).
Observe that there is an obvious functor DF (T ∗X) → DF#(T ∗X), and thus given
an object L of DF#(T ∗X), we can think of it as defining a left DF (T ∗X)-module via
the Yoneda map
Yℓ,ord : DF
#(T ∗X)→ modℓ(DF (T
∗X))
Yℓ,ord(L) : P 7→ homF#(T ∗X)(L,P )
5.4.3. Compatibility. Now consider the product symplectomorphism
a0 × id1 : T
∗X0 × T
∗X1
∼
→ (T ∗X0)
− × T ∗X1
(a0 × id1)(x0, ξ0;x1, ξ1) = (x0,−ξ0;x1, ξ1).
It induces an equivalence by transport of structure
(a0 × id1)∗ : DF (T
∗X0 × T
∗X1)
∼
→ DF ((T ∗X0)
− × T ∗X1).
To ensure the compatibility of the following proposition, we introduce a twisted
version of the above equivalence. Namely, we define the equivalence
(a0 × id1)
∼
∗ : DF (T
∗X0 × T
∗X1)
∼
→ DF ((T ∗X0)
− × T ∗X1)
to be the composition of (a0 × id1)∗ with the twist by the pullback p
∗
0(orX0) of the
orientation bundle from the first factor.
Given an object L of DF (T ∗X0 × T
∗X1), we write
L(0,1) = (a0 × id1)
∼
∗ (L)
for the corresponding object of DF ((T ∗X0)
− × T ∗X1).
We leave the proof of the following to the interested reader; it is not used in other
parts of the paper. Similar identities exist for the other “integral transforms”.
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Proposition 5.4.1. Given objects P0 of DF (T
∗X0) and L of DF (T
∗X0×T
∗X1), there
is a functorial isomorphism of left DF (T ∗X1)-modules
Yℓ,ord(P0#L(0,1)) ≃ Ψ˜L!(P0).
6. Appendix: invariance of calculations
We discuss here some aspects of the invariance of calculations among microlocal
branes. We assume the standard (though highly intricate) theory for compact exact
branes (in the form explained by Seidel [33]), and comment about the modest mod-
ifications needed to treat the noncompact branes we consider. We do not attempt
anything approximating a comprehensive discussion, but rather specifically argue for
the independence of the taming perturbation in the definition of a microlocal brane
(see Section 3.3).
6.1. Almost complex structures. Recall that in the definition of F (T ∗X), we work
with an asymptotically conical almost complex structures Jcon ∈ End(T (T
∗X)) (see Sec-
tion 3.1). Then we require that every microlocal brane L comes equipped with a taming
perturbation ψ that moves it to a brane ψ(L) that is tame with respect to the induced
metric gcon(v, v) = ω(v, Jconv) (see Section 3.3). These requirements ensure that the
moduli spaces defining the structure constants of the A∞-operations of F (T
∗X) are
compact (see again Section 3.3).
Our aim here is to show that in fact calculations among microlocal branes are in-
dependent of the class of asymptotically conical almost complex structures. For any
finite calculation (finite number of objects, finite number of A∞-operations), we will
show that as long as we choose a compatible almost complex structure J such that
T ∗X and the branes under consideration are tame, the resulting A∞-operations will be
compatible with those defined with respect to any other such almost complex structure
J ′ (in particular, an asymptotically conical almost complex structure). Furthermore,
our arguments can be made compatibly for increasing unions of finite calculations.
To isolate the role of the almost complex structure, let us fix a finite collection of
branes L0, · · · , Ld ⊂ T
∗X, and without loss of generality, assume that they are already
mutually transverse and do not intersect each other at infinity.
Lemma 6.1.1. For any compatible almost complex structures J, J ′ such that T ∗X and
the branes L0, . . . , Ld are tame, there is a quasi-isomorphism between the A∞-operations
within the collection L0, . . . , Ld defined with respect to J and J
′.
Proof. If J and J ′ coincide outside of a compact set, we refer the reader to standard
homotopy arguments [33] to construct the sought-after quasi-isomorphism. So our aim
here is to show that we can put ourselves into this situation.
Fix a finite collection of A∞-operations. Consider the corresponding moduli problems
of J-holomorphic disks that calculate the structure constants of the operations. Recall
that we have an a priori diameter bound on the relevant J-holomorphic disks: there is
a large r > 0 such that none of the disks enter the region of T ∗X given by |ξ| > r/2.
Now replace J by a compatible almost complex structure Jcut of the following form:
(1) Jcut = J in the region |ξ| < r/2.
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(2) Jcut = J
′ in the region |ξ| > r.
So Jcut equals J in a compact region, J
′ near infinity, and whatever one chooses in
between. By construction, for the fixed collection of A∞-operations, we have the same
a priori diameter bound on the relevant Jcut-holomorphic disks. This follows from
the property (1) above and the local derivation of the diameter bound. Thus the
corresponding moduli spaces for J and for Jcut are in fact equal.
Finally, choose a [0, 1]-family of compatible almost complex structure Jt satisfying:
(1) J0 = Jcut.
(2) J1 = J
′.
(3) Jt = Jcut = J
′ in the region |ξ| > r for all t.
Since Jt is constant near infinity, we can apply standard homotopy arguments [33] to
compare the A∞-operations for Jcut and for J
′. 
6.2. Taming pertubations. We apply here Lemma 6.1.1 to see that the choice of
taming perturbation ψ in the definition (see Section 3.3) of a microlocal brane L does
not affect calculations.
To isolate the role of the taming perturbation, let us fix a finite collection of test
branes P1, · · · , Pd ⊂ T
∗X, and without loss of generality, assume that they are already
mutually transverse and do not intersect each other or L at infinity.
Lemma 6.2.1. Suppose the brane L is equipped with two taming perturbations ψ and
ψ′. Then for any finite collection of test objects P1, . . . , Pd of F (T
∗X), there is a quasi-
isomorphism intertwining the A∞-operations within the collection ψ(L), P1, . . . , Pd and
the collection ψ′(L), P1, . . . , Pd.
Proof. By assumption, we have compatible almost complex structures J and J ′ such
that the respective collections of branes ψ(L), P0, . . . , Pd and ψ
′(L), P0, . . . , Pd are tame
with respect to the respective induced metrics g and g′.
Pulling back the almost complex structures J and J ′, we obtain tame almost complex
structures J0 = ψ
∗(J) and J ′0 = ψ
′∗(J ′) such that the branes L,P0, . . . , Pd are tame with
respect to both J0 and J
′
0. Thus we are in the setting of Lemma 6.1.1, and can conclude
that the A∞-operations calculated with respect to J0 and J
′
0 are quasi-isomorphic. By
construction, this is the same as a a quasi-isomorphism intertwining the A∞-operations
within the collection ψ(L), P1, . . . , Pd and the collection ψ
′(L), P1, . . . , Pd. 
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